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ABSTRACT

In this study, we re-visit the factor analytical (FA) approach for (near unit root) dynamic panel data
models, whose asymptotic distribution has been shown to be normal and well centered at zero without
the need for valid instruments or correction for bias. It is therefore very appealing. The question is: Does
the appeal of FA, which so far has only been documented for fixed effects panels, extends to panels with
incidental trends? This is an important question, because many persistent variables are trending. The
answer turns out to be negative. In particular, while consistent, the asymptotic normality of FA breaks
down when there is an exact unit root present, which limits its applicability.

Keywords: Dynamic panel data models, Unit root, Factor analytical method

JEL codes: C12, C13, C33



1 Introduction

In this paper, we consider the following panel data model, which is the kernel of most mod-

els in the dynamic panel data literature (see Baltagi, 2008):

vie = AiDi+ziy, (1.1)
Zit = PZit-1TEit (1.2)
where i = 1,..,N and t = 1,.., T index the cross-sectional units and time periods, re-
spectively, z19 = ... = zno = 0, &;; is an error term, D; is vector of deterministic trend

terms, and A; is a conformable vector of coefficients. We assume that ¢;; is independent
and identically distributed across both i and t with E(¢;;) = 0 and E(s%t) = 02 > 0, and
that S, = N1 Zfil AiAl — Xy as N — oo, where X, is positive definite. These conditions
are restrictive but they can be relaxed along the lines of Bai (2013), and Norkuté and West-
erlund (2021) to accommodate, for example, non-zero initial values, exogenous regressors,
heteroskedasticity and weak serial correlation in ¢;;.! The autoregressive parameter, p, is

assumed to be “local-to-unity” in the following sense:
p=exp(cNIT™7) =1+ caT ' +0(a’T?) (1.3)

where ¢ € R is a local-to-unity parameter, « = (N, T) = N7 T'=7 with limy 100 8 = &g €
[0,00), and # > 0 and v > 0 determine the rate at which p — 1. This formulation is very
flexible and includes most previously considered local specifications as special cases, such
as the usual time series setup with 7 = 0 and v = 1, and the common fixed effects panel data

specification with # = 1/2 and v = 1 (see Westerlund and Larsson, 2015, for a discussion).

IThe restrictive conditions are there to ensure a manageable asymptotic analysis, and are not necessary in
practice, provided that the FA estimator is suitably modified. The zero initial value condition is particularly sim-
ple to relax, as the FA estimator is actually asymptotically invariant to the values taken by z; g, ...,, zn 0, provided
that they are O,(1). Cross-section heteroskedasticity can also be accommodated without change, provided that
N~'¥N, E(e?,) has a limit such as 0. For discussions of how to accommodate exogenous regressors, time
heteroskedasticity and weak serial correlation in ¢; ;, we make reference to Norkuté and Westerlund (2021).



The estimation of p has attracted a considerable attention in the literature. One of the
main reasons for this is the problems caused by the presence of the incidental parameters in
A1, ..., AN. The standard approach is to de-trend the data prior to estimation. However, this
makes the lagged dependent variable correlated with the error term, which in turn compli-
cates estimation and inference. This is true not only in the classical dynamic panel data setup
with T fixed, but also in the type of large N and T panels considered here. The main con-
cern is that the asymptotic distributions of many known estimators, such as the least squares
(LS) estimator, are not correctly centered at zero, which invalidates inference. Generalized
method of moments (GMM) estimators are an alternative, but they tend to suffer from weak
instrumentation problems when p — 1 (see Roodman, 2009). Another alternative is to use
bias-corrected estimators, such as the bias-corrected LS estimator of Hahn and Kuersteiner
(2002). However, the appropriate correction depends not only on the elements of D;, but
potentially also on unknown nuisance parameters (see Moon and Phillips, 2000). Moreover,
performance can be very sensitive to the way the correction is carried out, so much so that
some researchers have cautioned against its use (see Moon and Perron, 2004).

The FA estimator of Bai (2013) does not require estimation of Ay, ..., Ax but only es-
timation of S), which is a finite-dimensional object. As a result, the estimator attains a
normal asymptotic distribution that is correctly centered at zero despite being completely
instrument- and correction-free. This makes it very attractive from both theoretical and em-
pirical points of view. Bai (2013) considers the case when |p| < 1, but Norkuté and Wester-
lund (2021) have shown that the attractiveness of FA applies also under (1.3). One implica-
tion of this is that FA can be used for unit root testing, and Norkuté and Westerlund (2021)
have shown that it is possible to construct FA-based unit root tests with maximal achievable
power.

As with the bulk of the existing literature, Bai (2013), and Norkuté and Westerlund (2021)
focus on the case when D; = 1. Of course, for many economic time series, a constant and
linear trend, rather than just a constant, is likely to be the appropriate deterministic specifi-
cation. This is certainly true for variables such as GDP, industrial production, money supply
and consumer or commodity prices, where trending behavior is evident. The present pa-
per is motivated by this observation. The purpose is to study the properties of FA when
Dy = (1,t)". The main finding is that while when ¢ # 0 the asymptotic distribution of FA

is normal and well centered at zero, when ¢ = 0 the Hessian of the FA objective function is



zero asymptotically, and therefore asymptotic normality breaks down. The estimator is still
consistent, but the zero Hessian means that it is not suitable for unit root testing, and that
it is likely to be subject to numerical optimization problems. The introduction of the trend

therefore removes much of the appeal of FA.

2 The FA estimator

Let us write (1.1) and (1.2) as

Vig =dip +0Yir—1+ €y, (2.1)
where d;; = Al(D; — pD;_1) for t > 2 and d;; = A/D; for t = 1. This equation can be written
on stacked vector notation;

yi=di+plyi+e, (2.2)

where y; = [yi1, ... yit), di = [di1,...di7]" = (It —p])DA; and ¢; = [ej1,...,ei7| are T x 1,
D = [Dy,..,Dr]"is T x 2 and [ is the T x T lag matrix with ones just below the main diagonal

and zeros elsewhere. The above equation can be solved for y;, giving

vi = T(o)d; + T(p)e; @3)
where I'(p) = (It — p]) ™' = It + pL(p) and
[0 0 0 0 |
0 0 0
L(p) = o1 0 0 (2.4)
i pf2 ... p 1 0 ]

While in the supplemental material, we treat 0 as unknown, for simplicity here we fol-
low Moon and Phillips (1999), and treat it as known. The vector of parameters of interest is
therefore given by 6 = [(vech S,)’,p|" = (01,6,)’, where 6; = vechS,, 6, = p, and vech is
the half-vec operator. The purpose of FA is to make inference regarding this vector. This is

done by considering the following “discrepancy” function (see Bai, 2013, for a discussion):
Q(0) =log(|Z(0)]) + tr[S,2(6) "], (2.5)

where |A| and tr A are the determinant and trace, respectively, of A, S, = N7'¥N vy,
2(0) = o*T(p) A(Sy,0%)T(p)" and A(Sy,02) = It +T(p) DS\D'T(p) ~V'. The objective func-
tion is given by £(0) = —NQ(6)/2. Let Q*(p) = maxs, Q(6). In the supplement, we show
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that the maximizer with respect to S, is given by

Sx(p) = [[(p)~'D]~(G(p) — o*I7)[[(0) ' D], (2.6)

where A~ = (A’A)~'A’ for any full row rank matrix A and G(p) = I'(p)1S,T(p)"". Let
A(p) = It + 07T (p)"'DS,(0)D'T(p) V. Concentration and simplification lead to

Q'(p) = Tlog(e?) +log(|A(p) ) + o 2t [G(p)A(p) ], 27)
with
o) =5 Q) 28

being the concentrated version of /(0). The objective is to maximize £*(p) with respect to
p. Let us therefore denote the true value of ¢ by cy. The true value of p is given by py =

exp(coN~"T~7). The FA estimator p of py is defined as

p = argmax *(p)- (2.9)
3 Results

We start by considering the issue of consistency. In the supplement, we show that

Q" (p) = q(c) +0(1), (3.1)

where g(c) is a continuous function whose exact definition is extremely lengthy and is there-
fore relegated to the supplement. The o(1) remainder is uniform in c¢. The fact that g(c) is
written as a function of ¢ (and not of p) involves no loss of generality, because asymptotically
q(c) is minimized at ¢ = N"T7(p — 1) (see Moon and Phillips, 2004). However, it simplifies
the analysis, because unlike py, ¢ is a fixed parameter that does not tend to zero. Note in
particular that since cy is an interior point and since g(c) is differentiable, if ¢y minimizes
q(c), it must be that dg(cp)/dc = 0 (see Moon and Phillips, 1999, page 723). We therefore
proceed to differentiate g(c).

Lemma 1.
d 1 2 23 3 4
Eq(c) = _7h1(c)2 [(co— c)a"ga + (co — ¢)*a’q3 + (co — ¢)°a”qy

+ (co— c)4oc5q5 + (co — c)5(x6q6],



where h1(c), 42, 43, qa, g5 and qe are given in the supplement.

The roots of dq(¢) /dc = 0 can be obtained by using numerical methods, such as Euler’s
method. In this paper, however, we follow Moon and Phillips (2004), and use Mathematica
10.1’s command Solve, which has the advantage that the roots can be obtained analytically.
What we find is that only three out of the five roots are real. We therefore focus on these, as

poElR.

Figure 1: dg(c)/dc for different values of ¢y and ¢ when a = 1.

(a) Zoom out (b) Zoom in
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Note: The horizontal axis represents values of c. The black (solid), pink (long dash-dotted), blue
(dash-dotted), red (dashed), yellow (long dashed) and green (dotted) lines are for ¢y equal to 0, 2,
—2, —4, —6 and —8, respectively.

Figure 1 plots dg(c) /dc for different values of ¢y and ¢ when a = 1; later on we comment
on how the results are affected when varying a. The first two roots are given by ¢ = 0 and
¢ = ¢o. The third root involves some serious complexity of expression and is therefore not
reported here. Figure 1 suggests that it lies somewhere in the interval [0.5,1]. However,
the global minimizer is always given by ¢ = cp, which implies that ¢ is consistent, and
therefore so is p (see Section 4 in Moon and Phillips, 2004, for a similar argument). Theorem

1 formalizes this.



Theorem 1. As N, T — oo,
£ —*p Po-

The fact that ¢ is consistent when there is a linear trend present stands in sharp contrast to
previous results. Moon and Phillips (1999) show that the maximum likelihood estimator of
co is inconsistent, and that this is due to the fact that the score of the log-likelihood function
has a nonzero mean in the limit. The normal equation of the pooled LS estimator of cy based
on the detrended data is also biased (Moon and Phillips, 2000). In fact, the GMM estimator
of Moon and Phillips (2004) is the only other estimator known to us that allows consistent

estimation of ¢p under a linear trend.

Figure 2: q(c) for different values of ¢y and ¢ when o = 1.

(@ D=1 (b) Dy = (1,t)

12 5

10 \

-0 -9 8 -7 6 5 4 -3 -2 -1 0 1 2 3 4 -0 -9 8 -7 6 5 4 -3 -2 -1 0 1 2 3 4

Note: See the explanation of Figure 1.

Of course, consistency does not mean that the FA estimator is free of complications. To
see this, Figure 2 plots g(c) for both D; = 1 and D; = (1,t)". Unlike when D; = 1, we see
that when D; = (1,t)’ the global minimum at ¢ = ¢y gets closer to the local maximum at
¢ = 0 as ¢p approaches zero. The reason is that under a linear trend g(c) is not globally but
only locally convex around the global minimum ¢y, and the convexity of g(c) around ¢ is

decreasing in cg. This means that the estimation is likely to be more difficult the closer ¢y is to
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zero. Figure 2 illustrates this point for « = 1; however, the same is true also for a # 1, as we
illustrate in the supplement. The main conclusion from varying « is just as expected given
the effect of cy reported in Figures 1 and 2, and how cy and « enter (1.3) multiplicatively; that
is, the global minimum is easier (harder) to discern the larger (smaller) is «, as the convexity
of g(c) around ¢y is increasing in .

The above mentioned difficulty in finding the global minimum is reflected in the asymp-
totic distribution of p. Theorem 2 and Corollary 1 report this asymptotic distribution for
ap > 0 and ag = 0, respectively. Both results assume that ¢y # 0; however, we also discuss

the case when ¢y = 0.

Theorem 2. Suppose that oy > 0 and co # 0. Then, as N, T — oo,

VNT(p — o) =4 N (0, lim 1) ,

N,T—e0 $2(00)

where

2 2.2
) =~z ) = e+ 0laie)

According to Theorem 2, there is no asymptotic bias despite the linear trend and local-to-
unity specification of p. This is important, because, as alluded to in Section 1, most existing
estimators of pg are biased in ways that depend on the fitted deterministic specification.
Valid inference in these cases therefore requires bias correction, which can sometimes be
detrimental for performance (see Moon and Perron, 2004).

A major problem revealed by Theorem 2 is that

. 2 _
N/l%riloos (1) =0. (3.2)

Hence, since the Hessian is zero, its inverse, which is identically the asymptotic variance
of p, is undefined when ¢y = 0 and/or ag = 0, and therefore py is first-order unidentified
(see Moon and Phillips, 2004). This is partly expected given Figure 1, which shows that
dq(c)/dc is flat in a neighborhood around ¢y = 0. Hence, while optimal in the constant only
case (see Section 1), with a trend included FA is not really suitable for unit root testing, as
co = 0 under the null hypothesis. Higher-order identification might be possible, but even
if it is the results of Moon and Phillips (2004) suggest that the rate of convergence is not
likely to be larger than N'/®T and the asymptotic distribution may be non-standard, and

our preliminary Monte Carlo results support this. We therefore do not pursue this avenue
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any further, but rather we caution against the use of FA as a basis for constructing unit root
tests when there is a linear trend present.

Because the rate of shrinking of the local specification in (1.3) is decreasing in a, we
might expect #p = 0 to lead to relatively low rate of convergence when compared to a9 > 0.

Corollary 1 confirms this.
Corollary 1. Suppose that ag = 0and cg # 0. Then,as N, T — co withmax{N~1/2, T~1/2} /o —
0,
N 45
avVNT(p — po) =4 N (0, 2

0

The case considered in Corollary 1 with ag = 0 and ¢¢ # 0 is important, as it is consistent
with most local alternatives considered in the unit root testing literature. In the trend case
considered here, the power envelope is defined within N~!/4T~!-neighborhoods of the unit
root null hypothesis (Moon et al., 2007), which in our notation is tantamount to setting y = 1
and 7 = 1/4, such that « = N ~1/4 and therefore the rate of convergence of p is given
by av/NT = NY4T.2 Hence, provided that co # 0, the FA estimator operates within the
optimal shrinking neighborhood.

An important implication of the results reported so far for empirical work is that while p
is consistent, implementation may be difficult as conventional gradient-based optimization
methods are likely to fail if cg is close to zero. In order to illustrate this point, in Table 1 we
report the bias and root mean squared error (RMSE) of pwheny =1, =1/4,¢;; ~ N(0,1)
and the elements of A; are drawn independently from U(0, 1). The optimization was carried
out using the BFGS algorithm with the true parameters as starting values, which performed
very similarly to Newton—-Raphson. The number of replications is 1,000. As expected given
Theorem 1, we see that both the bias and RMSE are decreasing in N and T. The fact that the
decrease is faster in T than in N is consistent with the rate of convergence given in Theorem
2.

As in Hsiao et al. (2002), the results reported in Table 1 are based on the replications
in which FA could be computed. In order to get a feeling for the numerical performance

of FA, in Table 2 we report the number of replications with either complete break-down

2The expansion of the score used to derive the asymptotic distribution in Theorem 2 is accurate up to an
Op(max{N_l/z, T~1/2}) remainder. The Corollary 1 requirement that max{N~1/2, T~1/2} /a — 0 is there to
ensure that this remainder remains negligible even when the score is scaled by «. Note in particular how N'/4T-
consistency requires N'/4T~1/2 — 0, which is in agreement with the results reported by Moon et al. (2007).
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or non-invertible Hessian. As expected, we see that the numbers increase as cy becomes
closer to zero. The fact that the Hessian can be non-positive definite means that the FA-
based t-statistic can sometimes take on complex numbers, which in turn makes it difficult
to evaluate its size. The results do get better as cp moves away from zero, but then these
are not very interesting since in practice ¢y = 0 is main hypothesis of interest.> The results
reported in Tables 1 and 2 are for the case when the starting values set equal to the true
parameters, and, as expected, the performance is even worse if FA is initialized at the LS
estimates. Hence, not only is FA likely to be difficult to implement in practice, but it can also

be quite uninformative.

Table 1: Bias and RMSE.

cp=0 co=—2 co=—4 co=—6
N T Bias RMSE Bias RMSE Bias RMSE Bias RMSE
50 50 —0.0023 0.0179 —0.0018 0.0194 0.0008 0.0196 —0.0038 0.2683
100 50 —0.0012 0.0144 —0.0007 0.0150 0.0015 0.0153 0.0007  0.0133
200 50 —0.0010 0.0121 —0.0006 0.0119 0.0013 0.0119 0.0005  0.0098
50 100 —0.0010 0.0092 —0.0001 0.0100 0.0009 0.0100 0.0004  0.0089
100 100 —0.0007 0.0074 —0.0001 0.0079 0.0010 0.0081 0.0004  0.0067
200 100 —0.0005 0.0064 —0.0002 0.0062 0.0009 0.0064 0.0003  0.0052
50 200 —0.0007 0.0047 —0.0002 0.0049 0.0005 0.0050 0.0001  0.0044

100 200 —0.0004 0.0039 0.0000  0.0040 0.0004 0.0039 0.0001  0.0033
200 200 —0.0002 0.0033 0.0001  0.0033 0.0004 0.0033 0.0001  0.0026

Notes: cg is such that pg = 1 + coN~1/47-1,

3We have computed rejection rates based on the Monte Carlo iterations that “worked”, and they are close
to 5%, provided that ¢y is sufficiently far away from zero. Instead of the inverse Hessian, one may use the
following analytical plug-in variance estimator: s?(p) = T~ 2tr [(L(p)' + L(p))Mr(p)-1pL(P) Mr(p)-1p], where
My =1 — A(A’A)~1A’ for any matrix A. This alternative estimator is better behaved than the inverse Hessian
in the sense that it is typically positive. However, because asymptotic normality breaks down when ¢y = 0, the
better behaviour only matters when ¢ is far away from zero. Hence, regardless of the variance estimator used,
the FA-based t-test is not very useful, because the main hypothesis of interest is again given by ¢y = 0.

13



Table 2: Numerical diagnostics.

co=20 cop=—2 co=—4 cg=—6
N T Hess Break Hess Break Hess Break Hess Break
50 50 39%  0.8% 31% 0.1% 24%  0.0% 04% 0.0%
100 50 73%  0.3% 6.6%  0.1% 3.6% 0.0% 1.3%  0.0%
200 50 9.8%  0.1% 11.6%  0.0% 9.5% 0.0% 1.8%  0.0%
50 100 34%  0.5% 25%  0.0% 1.3% 0.0% 02% 0.0%
100 100 6.9%  0.1% 59%  0.0% 4.0% 0.0% 04%  0.0%
200 100 10.8% 0.1% 11.8% 0.1% 72%  0.0% 1.6% 0.0%
50 200 41% 02% 35%  0.0% 2.6%  0.0% 04%  0.0%
100 200 73%  0.4% 52%  0.1% 35% 0.0% 04%  0.0%
200 200 10.5% 0.1% 92%  0.0% 7.8%  0.0% 09% 0.0%

Note: “Hess” and “Break” refer to the fraction of 1000 replications in which the Hessian is non-positive
definite, and the number of break-downs, respectively. c is such that pg =1+ cgN —1l/4r-1,

4 Conclusion

In this paper, the FA estimator of Bai (2013), originally proposed for stationary dynamic
panels with fixed effects, is applied to near unit root panel data with a linear trend. What
we find is that while the estimator is consistent and asymptotically normal, the rate of con-
sistency depends on the closeness to the unit root, and asymptotic normality breaks down
when cp = 0, which is a problem because a unit root is also the main hypothesis of interest.
The break-down is likely to affect both the implementation and performance of FA not only
when ¢ is at zero, but when it is “close” to zero, and our Monte Carlo results confirm this.

For these reasons, we caution against the use of FA when there is a trend present.
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Supplement to “The Factor Analytical Approach in
Trending Near Unit Root Panels”: Omitted Results and

Proofs
Joakim Westerlund Milda Norkute Ovidijus Stauskas*
Lund University Bank of Lithuania Lund University
and and
Deakin University Vilnius University
July 6, 2021
Abstract

This supplement we (i) summarize the assumptions used in the main paper, (ii) study the
effect of a on the roots of g(c), (iii) provide the derivation of the concentrated objective

function, and (iv) provide all the proofs that were omitted from the main paper.

A Assumptions

The following assumptions generalize those used in the main paper to the case when ¢ (and

its true value 03 ) is unknown.

Assumption 1. ¢;; is independent and identically distributed (iid) across both i and ¢ with
E(eis) =0,E(e2,) =0 €S,5 = [0%,7] CRy4,0 < ¢? <7 < ooand 0 *E(e},) =k < oo,

where R is the set of real numbers.

Assumption 2. ¢ € C, where C = [¢,¢] C Rand —o0 < ¢ < € < 0.

Assumption 3. « = «(N,T) = N7'1T'"7" - ap € A = [0,00) as N, T — co.
Assumption 4. 5, = N~! Zf\il AiAl — X, as N — oo, where X is positive definite.
Assumption 5. 09 lies in the interior of @, = R x S.

Assumptions 1-4 are the same as in the main paper. Assumption 5 is necessary once o>

is included in the analysis.

*Corresponding author: Department of Economics, Lund University, Box 7082, 220 07 Lund, Sweden. E-mail:
ovidijus.stauskas@nek.lu.se.



B The effect of « on the roots of 4(c)

Figure B.1 plots g(c) for different values of ¢y and «. Here the horizontal axis measures
the values of c. As in the main text, the black (solid), blue (dash-dotted), red (dashed),
yellow (long dashed) and green (dotted) lines represents ¢y equal to 0, —2, —4, —6 and —8,
respectively. The parameter a serves a similar purpose as ¢ regulating the closeness to the
unit root (co = 0). In particular, we see that for any ¢y, as « increases (decreases), g(c) gains
(looses) curvature and becomes more convex. For large values of «, g(c) becomes close to a
globally convex function. We also see that as a increases the local maximum at ¢ = 0 gets
closer to the local minimum at the third root. However, as long as ¢g sufficiently far away
from zero, this is not problematic, because with an increase in « the global minimum at cg
becomes easier to distinguish from the local stationary points due to convexity. Therefore,
optimization of g(c) is easier and the overall performance of FA in the trend case is better
the larger is a.

When ¢ is “close” to zero, the global minimum at ¢y and the local maximum at ¢ = 0 are
close. Moreover, the local minimum at the third root is close to ¢y and therefore g(c) flattens

out around ¢( as can be seen from (a)—(f) in Figure B.1.
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The problem when ¢y is close to zero remains irrespective of the value of a. Figure B.2
below depicts dg(c)/dc for different values of ¢ and « when ¢y = 0. As can be seen from
(a)—(d), the values where dq(c)/dc = 0 cluster very closely around ¢y = 0. Of course, under
co # 0, the roots cluster for large values of a as well, because the graph becomes narrow.
However, the global minimum is always distinct from the local stationary points. Overall,
while the third root depends on g, it is not detrimental to the performance of FA as long as

co sufficiently far away from zero.

Figure B.2: dgq(c)/dc for ¢co = 0 and & € {1,5,10,15}.
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C Derivation of /*

The derivations contained in this section and the next build heavily on Abadir and Magnus
(2005). All the arguments used can be found in this book. As a matter of notation, A and B
will be used to generic functions of x, with 2 and b denoting generic constants. We define the
matrix derivative operator D,, which is such that if the matrix function F = F(x) ism X p
and x is n x g, then Dy F = dvec F/d(vecx)’ is mp x nq. Hence, denoting by d, the matrix
differential, then d, vec F = Fd, vecx, or D, F = d, vec F/d, vec x.

The derivation of the stated expression for £*(0) starts by noting that
* N *
r(0) = —5Q"(62), (C.1)

where 6, = (02,p) and Q*(6;) = maxs, Q(8). Therefore, we derive Q*(6;). Given that
Q(0) = log(|=(0)]) + tr(Sy£~1(6)), we start from the first term. In particular,

log(|2(6)[) = log(|o*T (p)A(Sr, )T (p)'])
= log((e*)"|T(p)* x |A(S1,0?)]) = Tlog(c?) + log(|A(Sy, o?)]), (C2)

where the last equality follows from the fact that [T'(p)| = [T'(p)’| = 1 and |aA| = a"|A| for

any A € R"*". Moving on to the second term,

tr(Sy=(0) 1) = tr(Sy [0’ T (p) A(Sx, o*)T(0)'] 1)
= tr(025,T(0) " A(Sy, ) T(p) ) = o 2r(T(0) TS, T(0) M A(Sy, 0*) )
= o (G(p)A(Sr,0?) ), (C3)

which allows us to obtain
Q(6) = Tlog(c?) +log(|A(Sa,0?)]) + o *tr(G(p) A(Sh, %) 7). (C4)

Now, we will take the matrix derivative with respect to S, and we start from Ds, A(S,,5?).
Specifically,
Ds, A(Sy,0%) = Ds, (It + 0T (p) 'DS,D'T(p) ")
= 0 D5, (L(p)"'DSiD'T(p)™") = o *(I(p) "D ® T (p) "' D), (C5)

which directly follows from the fact that vec(I'(0) "' DS,D'T(p) ") = (T'(p) 'D®T(p) 'D)vecS,

using vec (ABC) = (C’' ® A)vec B and the properties of matrix derivative operator. Now, us-



ing D, log(|A(x)|) = [vec (A(x)~Y)]'DyA(x), we obtain
Ds, log(|A(Sy,0?)]) = [vec (A(Sy,0?)~")]'Ds, A(Sa, 0%)
= 0 2[vec(A(Sy,c?) ")) (T(p) 'D&T(p) 'D). (C.6)
Next, we differentiate tr(G(p)A(Sy,02)~1). From Dytr(AB(x) 1) = —[vec (B(x) *AB(x)~1)')'D;B(x),
where the matrix A is constant with respect to x, we obtain
Ds, tr(G(p)A(Sy,0%) 1) = —[vec (A(Sx,0%) 7' G(p) A(Sr,0?)71)]'Ds, A(Sp, 0%)
= —0 [vec(A(Sr,0?)'G()A(Sr,0*) )T (T(p) ' D@ T (p)"'D). (C.7)
Hence, we finally obtain
Ds, Q(8) = Ds, log(|A(Sx,0?)[) + 0 *Ds, tr(G(p) A(Sr,0%) )
= o ?[vec(A(Sy,e?) )] (T(p)'D®T(p)'D)
— o vec(A(Sh,0%) TG (p)A(Sr, ) )T (T(p) D@ T (p)"'D)
= [vec[A($3,0) " = 2 (A(S4,0%) 1G(p)A(Sh, o?) )] (T(p) "D @ T(p)'D)
= 01y (C.8)

where the equality holds if and only if

G(p) = c*A(S;,0%) = (It + 0T (p) 'DS,\D'T(p) V). (C9)
Hence,
§ = (T(p) 'D)* (¢ 26 — I)(T(p) D), (€10

where A* = (A’A)~1A’ is the Moon—Penrose inverse of A. Note that S, = 5, (6,). Combin-

ing the results, the concentrated discrepancy function becomes
Q"(62) = Tlog(c?) +1og(|A(62)]) + o *tr(G(p)A(62) ) (C11)

where A(6,) = It + ¢?T(p) "'DS,D'T(p) V. The required expression for ¢*(8) is implied by
this.

D Derivatives

In Lemma A we report first and second order derivatives of ¢* with respect to p. Be-

fore resenting them, we need to introduce some notation. We begin by defining Q(p) =
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D'T(p) VI (p)~'D. This is a function of p. To simplify notation, however, in this appendix
matrices such as Q(p), G(p), L(p) and X(0) will be written as Q, G, L and X, respectively,
with the dependence on 6 (and hence p) suppressed. The derivatives are stated in terms of

the following scalars:
Ry = tr(Mp1pGMripL —c*LMr1p),
R, = tr[e*(D'TVGr'D)'D'T V(L' 4 L)Mp-1pGI D],
r1 = tr(—=o*MpapLMpap(L' + L) + (G — 0?I7)Mp-1pLLMp-1p
— (G = *Ir)Mp-ip(L' + L)Mr-ip(L' + L)Mpap
+ (G —*Ir)MpapL(L' + L)Mp-ip),
rn = A [(DTVGr D) Y(DT V(L' +L)GI 'D+ DT VG(L' + L)I'D)
x (D'TVer-'p)y"'D'T V(L' + L)Mp-1p,GT 1D
+ (DT Ver-')y "Y't (L' + L)(L' + L)My-1p,GT 1D
— DT Y(L'+L)Mpp(L' + L)YMp1pGI 1D
— DT Y(L'+L)Mp1pG(L' + L)I D —2D'T VL' LMy, GT D).
These scalars are all functions of 6,. For ease of notation, however, we suppress this depen-

dence on 0,.

Lemma D.1. For any vector Dy,

1 a¢*
@y = Rtk
1 o0 T m 1
(b) Nﬁ = _ﬁ —|— Tﬂ + ﬂtr (GMrle)/
19200
© N = )

1 9% T m —6
(4 N@orE =28 208 ¢ w(GMrop),

@ LUt (Mo GMapL)
INETEr D= T-iDS/

Proof: Consider (a). We begin by recalling that

o= N oe0?) = Niog(IA]) = 2 tr[GA-

= 5 log(c”) 5 log(|Al) e [GA™T], (D.12)
implying

orr N A N A

=—-= - AT, D.1
3 > D, log(|AJ) 2UZDP tr (G ) (D.13)



We need to evaluate two terms; D, log(|A|) and D, tr (GA™!). Consider D, log(|A|). We
can show that log(|]A|) = log(|c~2D'T~VGT~'DQ"!|). Indeed, applying Sylvester’s deter-
minant identity, we obtain

|A| = |Ir + e DS, D'T7 Y|

= |L+0 25, DT VT 'D| = |, + c725,Q|. (D.14)

Because

A

Sy = AT D) (c2G—Ip)(T D)V
— (D/l—'—l/r—lD)—1D/1"—1/G1"—1D(D/r—l/r—lD)—l _ (TZ(D/F_lT_lD)_l
= Q'prVer'pQt-o*Q7Y, (D.15)

by the direct insertion we obtain

Al = | +0725,Q)
— ‘12 + a*Z(Qle/rfllGrleQfl o UZQ*l)Q| — ‘UZQlelrfllGrle’
= |’ D'TVGr'pQ|, (D.16)
because the determinant of a transpose is the same. By using this result and Dy log |A| =
(vec (A"71))'Dy A, we get
D, log(|A]) = D, log(lc 2D'T"VGI'DQ 1)
= [vec(*(DTVGI'D)'Q)I'D, (¢ >D'T"VGI'DQ™Y),  (D.17)
where the last equality holds due to symmetry of Q and G and (AB)~" = A~VB~!. Con-
sider c72D'T"VGT'DQ~!. From dy AB = (dy A)B + A(dy B),
d, (¢2D'TVGr'DQ 1)
= ¢ 2D'd, (I"V)GI 'DQ '+ 0 2D'TV(d, G)I'DQ"!
+ ¢ 2DTVG(d, I )DQ '+ 0 2DTVGI'D(d, Q7).

Further use of vec(ABC) = (C’' ® A)vec B yields

D, (¢ *D'T"VGr'DQ™Y)
— U*Z(Q*lD/rfl/G ® D/>Dp 1—'71/ + Ufz(Qle/rfl/ ® D/rfl/)Dp G

+ ¢ XQ 'D'eDTVG)D, I '+ 0 2(Ir DT VG 'D)D, Q. (D.18)
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In order to evaluate this expression, we need D, r-i D, r-v, D, G and D, Q~!. Consider
Dp I'!. Here

1 0O 0 ... 0 o o 0 ... 0
-0 1 0 ... 0 -1 0 0 ... 0
drl=d, | 0 —p 1 .. 0| =| 0 =1 0 ... 0|dp=_Jdp.
(0 .0 1] Lo 0 10
Repeated use of vec(ABC) = (C'® A)vec Byields D, I ! = — (I ® Ir)vec]. Since d, (A’) =
(dx A), we also have D, IV = —(Ir ® It)vec]'. Moreover, from dy AB = (d; A)B +
A(dy B), we get

de G =d, (TS, T7Y) = (d, TS, IV +T71S,(d, T,
and so, via vec(ABC) = (C' ® A)vecB,
vecd,G=T"'®d, I +d, "' ®@T )vecSy = —(T"'® Jdp + Jdp @ T )vecSS,.
It follows that
D,G=-T"'®]+]®T )vecS,. (D.19)

Next, consider D, Q~!. From dy A™! = —A~!(dy A)A™!, vec(ABC) = (C' ® A)vecB,
and the symmetry of Q,

D,Q'=—-(Q'®Q "D, Q,
where
d,Q=D'[(d, T ") ' +TV(d, T 1)]D.

By using this, vec(ABC) = (C' ® A)vecB, d, (A') = (d, A)!,D,IT! = — (It ® Ir)vec ] and
y & 0 0 o

D, IV = — (It ® Ir)vec ]', we can show that

D,Q = (DT VeD)D, I V+(D'e@DT VD,

= —(DTV®@D')vec] — (D' ® DT V)vec]. (D.20)
Hence, since (A ® B)(C® D) = AC® BD,

D,Q!' = (Q'eQ H(DT V®D')vec] + (D' ® DT V)vec]]
= (Q'DTV®Q 'D)vec] + (Q7'D'® Q 'D'TV)vec].
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By inserting the expressions for D, r-t, D, r-v, D, G and D, Q! into (D.18) and using
(A® B)(C® D) = AC ® BD, we obtain
D, (¢ *D'TVGr'DQ 1)
= — 0 2(Q DT VG®D')vec] —c2(Q'D' @ D'T"VG)vec]
— o 2Q DT I '@ DT V])vecS, — ¢ 2(Q'D'T V@ DT VT !)vecS,
+ o 2(Q DT Ve DT VGr'DQ'D")vec]
+ o 2(Q D' DT VGr'DQ DT V)vec]. (D.21)

Further use of vec(ABC) = (C' ® A)vec B gives

D, (c2D'T"VGIr'DQ 1)
= —o0 ?vec(D'JGI'DQ™!) — o 2vec (D'TVGIDQ™)
— o 2vec (DT V]S, T 'T'DQ ™) — o 2vec (DT M'T'S,J)T'DQ 1)

o 2vec (D'T"VGr'DQ'D'JT'DQ™)

+ o+

o 2vec (D'T"VGr'DQ DT VIDQ ™)
—02vec (D'TVTI'J'GI'DQ ™) — ¢ 2vec (D'TVGJIT !1DQ 1)

— o 2vec(D'TVITS, I'T VT 'DQ™1) — 0 2vec (DT VTITS, I'JT1DQ ™)
+ o 2vec(D'TVGr'DQ DT VTI'JT'DQ™)

+ o 2vec(D'TVGr DO DT VIIT'DQ™)

—0 2vec (D'TVL/'GT'DQ™) — ¢ %vec (D'TVGLI 'DQ™})

— o %vec (DT VLGT'DQ™Y) — 07 2vec (DT VGLT'DQ 1)
+ o 2vec(D'TVGr'DQ DT VLT 'DQ™)
+ o 2vec (D'TVGI'DQ DT VLI'DQ™Y), (D.22)

where the second equality is due to S, = I'S,I’, while the last equality holds because of
JT = Land S, = G. Since tr (A'B) = (vec A)'vecB, this implies that D, log(|A|) can be
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written in the following fashion:

Dy log(|Al)
= [vec(e*(D'TVGI'D)"'Q)I'D, (¢ *D'T"VGI'DQ ™),
= [vec(c*(D'T"VGI'D)"'Q))/c 2vec (~D'TVL'GT'DQ !
— DT VGLI'DQ '- DT VLG 'DQ ' - DT VGLT 'DQ!
+ DT Ver-'pQ o VLT 'DQ ' 4+ DT VGr DO DT VLI 'DQ ™)
= tr[Q(D'TVGr—'D) Y -DTVL'Gr'DQ™!
— DT VGLTI'DQ'—DT VLG 'DQ ' - DT VGLT 'DQ™!
+ DT VGr'pQ DT VLT 'DQ '+ DT VG 'DQ'D'T VLI 'DQ™ )]
= tr[(D'TVGr'D) " Y(—2DT V(L' +L)GT'D
+ DT VGr-'pQ 'p'r V(L' + L)r'n)]. (D.23)
This can be simplified. We begin by noting that if we let Pr1p = I'''DQ7!D'T™Y and
Mr-1p = It — Pr-1p, then
D, log(|A[)

= tr[(DTVGr ') (—2DT V(L' 4+ L)GT

(
+ DT VGr-'DQ'D'T V(L' + L)I'D)]
tr[(D'TVGr D)1 (—2D'T V(L' + L)GT'D + 2D'T " VGPr-1p(L' 4+ L)T D
— DT VGr'pQ DT V(L' + L)I'D)]
= 2 [(DTVGr'D)'D'T V(L' + L) (It — Pr-1p)GT D]
— tw[(DTVer-'D) 'DTVer'pQ 't Y(L' + L)I'D)]
= 2t [(D'TVGr'D)'D'T V(L' + L)Mp-1pGT D]
— tr[Q'D'T V(L' + L)r'Dj
= 2t [(D'TVGTr'D)'D'T V(L' + L)Mp-1pGT D] — 2tr [LPp-1p]
= 2 [(D'TVGT D) 'D'T V(L' + L)Mp-1pGT D] + 2tr [LMp-1p],  (D.24)
where the last equality holds because tr L = 0.
Let us now consider the second term in (D.13), D, tr (G/A\*l). We begin by inserting
A1 =1 —T'DKD'TVand K = Q! — ¢*(D'T"VGI'D)~!, which we obtain from The
Woodbury identity stating that (A + CBC')"! = A~! — A7IC(B1 + C'AIC) " 1C'A~! (see
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AAbadir and Magnus, 2005, Exercise 5.17). Application of this identity to A~! yields, with
K=(c25"+Q)7",

Al'=1r-T7'D(?$;'+ Q) 'D'T Y = I —T'DKD'T V. (D.25)
Using the expression for $, againand (A +CBC')"' = A~' — A"1C(B~ '+ C'A"'C)"'C’'A7],
K = (?57'+Q)'=Q'-Q (¢35 +Q ) '0!
= Q'-¢¥DT Vcrlp)-L (D.26)
The direct insertion then leads to

tr (GA™1)
= tr[G(Ir —T'DQ DTV + T ' D(D'TVGT D) 'D'T™V)]
= tr[G(Ir — Prip)] + c?tr [GT ! D(D'T VG —'D)'D'TV]
= tr(GMpip) + c*tr (DT VGT D) DT VGr!D]

= tr(GMp-1p) + c*tr I, = tr (GMr1p) + o°m, (D.27)
implying that
D, tr (GA™!) = Dptr (GMy-1p) = (vec It)'D, (GMp1p). (D.28)

By using dy AB = (dy A)B + A(dy B), we get

dp (GMrp-1p) = (dp G)Mp-1p + G(dp Mp1p) = (dp G)Mpp — G(dy Pr1p),
and so, via vec(ABC) = (C' ® A)vecB,

Dy (GMr-1p) = (Mr-1p ® It)Dp G — (It @ G)Dp Pr-1p.
Consider D, Pr-1p. Repeated use of dy AB = (d; A)B + A(d, B) yields

doPrip = d,(I"'DQ'DTY)
= (T HDQ 'DTV+T'D(d, Q" H)DT V+T'DQ'D'(d,T"),

and by further use vec(ABC) = (C'® A)vecB, (A® B)(C® D) = AC® BD and A® B +

12



A®C=A® (B+C), weget

DP Pl—'—lD
= I''DQ'D'®Ir)D, T '+ (Ir T 'DQ'D")D, TV
+ I 'DeTI 'D)D,Q!

—(I'DQ D' @ Ir)vec ] — (I @ T'DQ D" )vec ]’

T 'Der'D)(Q DT Ve QD )vec)

+ o+

T 'DeT 'ID)(Q'D'® Q'D'T V)vec]

= —(I'DQ7'D'®@Ir)vec] — (Ir @ T'DQ'D")vec ]’
(I 'DQ DT V@I 'DQ D' )vec]

(I 'DO'D' @I 'DQ'D'T V)vec]

= —(I'DQ'D'®Ir)vec] — (It @ T 'DQ D" )vec ]’

+

(Prap®@T'DQ'D')vec] + (T7'DQ'D’' ® Pr1p)vec]

—(I'DQ D' @ Ir)vec ] — (I @ T'DQ D" )vec ]’

(Proip @ T'DQ D" )vec ]’ + (T'DQ ™D’ @ Prip)vec]

_|_

= —(I''DQ'D'® (It — Pr1p))vec ] — ((It — Prip) @ T 'DQ 1D )vec |’

—(I'DQ™'D' ® My-ip)vec] — (Mp-1p @ T"!DQ7'D")vec J’
= —(I'DQ7 DTV ® Mp-1p)vec] — (Mp-1p @ TIDQ DT VT")vec |’
—(Pr-ipIl” @ Myp-ip)vec ] — (Mp-1p @ ProaipI)vec J'.
By inserting the expressions for D, G and D, Pr-1p into (D.29) and simplifying, we obtain
the following expression for D, (GMr-1p):
D, (GMr-1p)
= (Mr-1p ® It)Dy G — (It ® G)Dy Pr-1p
= —(Mpap®Ir) (T '@ ])vecSy — (Mp1p ® It)(J® T 1)vecS,
+ (Ir®G)(Prapl’ ® Mpip)vec] + (It ® G) (Myp-1p @ PrapI”)vec ]’
= —(MpapI'®@])vecS, — (Mp1p] ® T 1)vecS,

+ (Pr—lDr/ X GMF—ID)VeC] + (Mr—lD & GPr—lDr,>VeC ]/,
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which can be simplified using vec(ABC) = (C' ® A)vecB, S, =TS,I/,JT = Land S, = G;
D, (GM1p)
= —(MpapI'®])vecS, — (Mp1p] @ T )vecS,
+ (Prapl’ ® GMpap)vec] + (Mp1p @ GProapl’)vec ]’
= —vec (JTS,I'T Y Mp1p) — vec (TS, I Mp-1p)
+ vec(GMppJTPrip) + vec (GPripl’ ) Mpap)
= vec(—LGMp1p — GL'My1p + GMp-1pLPrap + GProapL' Mpap).
Direct insertion into the expression for D, tr (GA™1) yields
D, tr (GA™)
= (vecIr)'D, (GMy-1p)
= (vecIr)'vec(—LGMyp-1p — GL'My1p + GMpapLPrap + GProapLl' Mpo1p)
= tr(—LGMp-1p — GL'Mp-1p + GMp-1pLPr1p + GProipL' Mp-1p)
= 2tr(—=GMr1pL+ GMyp1pLPrap) = 2tr [-GMyp1pL(Iy — Prap)]
= —2tr(GMr-1pLMp1p) (D.29)

The above results for D, log(|A|) and D, tr (GA™1) lead to the following expression for

aL* / dp:
L = ~D, log(|Al) ~ Dy r(GA™)
= 2tr[c?*(D'T"VGI D) 'D'T V(L' + L)GMp-1pT D]
— 20%tr (LMp-1p) + 2tr (My-1pGMp-1pL)
= 2(R;i+Ry), (D.30)
where

Ry = tr(Mp1pGMpapL —c*LMp1p),
R, = tr[e*(D'TVGr'D)'D'T V(L' 4 L)Mp-1pGT D).

This establishes (a).

Let us now consider (b). The starting point is
2% o2

\ (97 = 2(DoR1 +DpR2).
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We begin with D,R;. From definition of Ry, we have

R] = tr (Mr—lDGMI‘—lDL - UzLMrle)

= f{r (GMF—]DLMr—lD - UzMr—lDLMr—lD)

- tr[(G—UZIT)Mr—]DLMr—lD].

Hence, via tr (A’B) = (vec A)'vecB,

D,Ry = Dytr[(G—*Ir)Mp1p LMy 1p)]

= (vecIr)'D,[(G — ¢*It)Mp1p LM 1p).

By use of dy AB = (dy A)B + A(dy B), it is clear that

dﬂ [(G — U'ZIT)Mr—lDLMr—lD]

= [do(G = 0?I7)] M1 pLMp1p + (G — ?It) (dpMp1p) LMy 1

+

_|_

(
- (dPG)MF—lDLMF—lD - (G - U-ZIT)(dpPr—lD)LMrle
(

G — o?Ir)Mpap(doL)Mpap + (G — 02Ir) My pL(dpMp1p)

G - (TZIT)MF—lD(dpL)Mr—lD - (G - UZIT)Mr—lDL(dpPF—1D>,

where the last equality holds due to d,(G — 0?It) = d,G and dyMp-1p = d,(Ir — Pr1p) =
—d,Pr-1p. By using this and vec(ABC) = (C' ® A)vec B, we obtain

D,[(G — *It)Mp1pLMp1p)]

= (MpapLl'Mpap ® It)Dp,G — (MpapL' ® (G — 0*It))DpPrap

+ (Mpap ® (G —?It)Mp1p)DpL — (It ® (G — 0*It)Mp1pL)DpPrap,  (D.31)

where D,G and D, Pr-1, are known from before. As for D,L, we use L = JT"and, by applying
dy AB = (dy A)B + A(dy B), we get d,L = J(d,I'), where

0 0

1 0

2p 1
| (T-1)p" 2

0
0
0

2p

By using this, vec(ABC) = (C' ® A)vecB and L = JT, we obtain

D, L =vec(JTJT') = (I'"® JT)vec] = (I" ® L)vec].
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Insertion into (D.31) yields

D,[(G — ¢®Ir)Mp-1pLMp1p)]

= —(MpapLl'Mrap®Ir) (Tt ® J)vec Sy — (MpapL'Mpap ® It) (J® T vec S,

)
Mrpl’ & (G — *Ir))(
MripL' ® (G — o?Ir))(

)
)

+ o+ o+ o+ o+

(
(
(Ir ® (G — ¢*Ir)Mp1pL
(
(

MF 1D X (G o IT)MT 1D)(F/ &® L)VeC]

+ o+ o+ + o+

(
(
(PrapI” @ (G — 02 Ir) My 1p LMy 1p)vec ]
(
(

Mr 1DF &® (G o IT)M]" 1DL)VeC],

where the second equality is due to (A ® B)(C® D) =

16

MI‘ lDL PF 1Dr ® (G o IT>MF lD)VeC]
Mr-1pL'Mp-1p ® (G — 0*I) Pro pI” )vec |/

Mroip ® (G — 2 Ir)Mp-1pLPrapI” )vec ]’

Proipl’ @ Mp-ip)vec ]
Mrp ® Prapl’)vec ]
(Pr1pI’ ® Mpip)vec ]
It ® (G — 0*It)Mp-1pL) (Mp-1p @ ProipI”)vec |’

—(MpapLl'Mpapl ™t ® J)vec Sy — (Mp1pL'Mpap] @ T 1vec S,

(AC ® BD). This expression can be



further simplified. Indeed, use of vec(ABC) =

D,[(G — ¢?Ir) My 1p LMy 1p)]

—vec (JSyI " YMp1pLMy1p) — vec (T

(C' ® A)vec B yields

“1SyJ'My1pLMp1p)

r's,1 I’/ Mp 1 p LM

(G — UZIT)MF—]D]FPr—lDLMr—lD -+ (G — (TZIT)Pr—lDF/]/Mr—]DLMr—lD
(G — ¢?It)My-1p LMy 1pJTPrap + (G — 02 Ir) Mpap L pT' T My

+ vec ((G — ¢?It)Myp-1pJTPr-1pLMp-1p)
+ vec ((G — ?It) Pripl’J' Mp-1pLMp-1p)
+ vec ((G — ¢*It)Mp-1pLMp-1pJTPro1p)
+ vec ((G — ¢®It)Mp-1pLPr1pI’' ] My-1p)
+ vec ((G — ¢*It)Mp-1pLJTMp-1p)

= vec(—JIT 'S, I VM 1pLMp1p —

n

n

+ (G—0%Ir)Mp-1pLJTMy-1p)

vec (—LGMy-1pLMr-1p

(G — ¢*It)Mp-1pLLMp-1p)
vec (—LGMr—lDLMr—lD —

)
— (G = ?It)Mp1pLMyp-1p LMy p —
+ (G —c?Iy)
+ (G —d?Iy)
n

(
(
(
(
(G = ¢?Ir)Mp-1pLLMr-1p)

vec (—LGMyp-1pLMypip —

( )
(G —0o°Ir)
+ (G —c%Iy)
( )

where the third equality is due to T~!S,I 1V =

G—o IT Mr 1DLMF IDLMF 1p —
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- GL/Mr—lDLMr—lD
(G — *It) My pLPrapLMpap + (G — 0?Ir) Prap L' My p LMy
(G — (TZIT)MF—lDLMI‘—lDLPF—lD + (G — Ule)Mr—lDLPr—lDL/Mr—lD

GL/Mr—l D LMr—l D

(G — 0*It)Mp-1p L' My pLMyp-1p
(G — Ule)Mr—lDLMr—lDL/Mr—lD

Mr 1DLLM1" 1D + (G (% IT)L Mr 1DLM1" 1p
0*Ir)Mp-1pLMypapL + (G — 02 It)Myp-1p LL' My

GL'Mp-1pLMypp

G — 0?It)Mr-1pLMp1p (L' + L)Mp1p

o?I7)Myp-1p (L' + LYMp-1pLMp-1p

M- pLMpapL + (G — ?Ir) L' Mp-1p LMp-1p
G — o?Ir)MpapLL' My-1p +2(G — ¢?It) Mp-1pLLMy-1p),

= G and JT' = L, whereas the fourth equality is



due to Pr1p = It — Myp1p. Hence, by making use of tr (A’B) = (vec A)'vec B, we get

D,R;
= Dytr[(G — ¢*Ir)Mp1pLMp1p)
vec It)'Dp[(G — ¢*Ir) M1 pLMp1p)]
vec IT) vec (—LGMp-1pLMy-1p — GL'Mp—1pLMp-1p

G Mr ]DLMF 1D(L "‘L)Mr 1D

CD

U'ZIT Mr 1D< +L)MF—1DLMF—1D

— 0?I7)Mr-1pLMpapL + (G — 0?Ir) L' My p LMr-1p

CD

(
(
( Ir)
( )
( )
( )

+ o+

G—o0 IT Mr 1DLL Mr 1D +2(G (% IT)MF 1DLLM1" 1D)

tr (—GMr—lDLMr—lDL — GL/MF—IDLMr—lD
M 1D(L/ + L)Mr—lDL,Mr—lD

)
G — 0?It)Mp-1p(L' + L)Mp-p LMy
G — O'ZIT)
)

(
(
( Mr 1DLM1" 1DL+ (G (o IT)L Mr 1DLM1" 1D
(

+ o+

G — o2I)Mp 1 pLL' My 1p + 2(G — 0®I7) My 1 p LLMp1p)

tr (—0*Mp-1pLMp-1pL — 0?L'Mp-1pLMp-1p

— (G —=Ir)Mpap(L' + L)Mp-ip (L' + L)Mpap

+ (G —?If)Mp-1pLL' My-1p +2(G — 0*I1) My-1pLLMyp-1p)
= tr(—0*Mp1pLMpoip(L' 4+ L) + (G — 0?I1) M1 pLLMp-1p
— (G = Ir)Mp-ip(L' + L)Mr-ip (L' + L)Mp-p

+ (G —?Ir)Mp-1pL(L' 4+ LYMp-1p) = r1.

Next up is D,R>. We have

D,Ry = Dytr[c*(D'TVGI D) 'D'TV(L' + L)Mp1,GI ' D]
= (vecIr)'D,[c*(D'T"VGI'D)'D'T" V(L' + L)My 1, GT ' D].

From dy AB = (dx A)B + A(dy B), we get

do[c*(D'T~VGI D) 'D'TY(L' + L)Mp1,GI ' D]
= ¢*d,[(D'TVGr'D) | D'TV(L' + L)Mp1,GI D

+ A(D'TVGr'D)'d,[D'TV(L' + L)Mp1p,GT ' D]

18



which via vec(ABC) = (C' ® A)vec B yields
D,R,
= o*(veclr) (DT VGMrp(L' + L)I 'D® I,)D,[(D'T VG 'D) |
+ o*(veclr) (In® (D'TVGI'D) " HYD,[D'T V(L' + L)My1pGT'D].  (D.33)
Consider the first term on the right. From d, A~! = —A~!(d; A)A~!, vec(ABC) = (C'®
A)vec B, and the symmetry of G, we get
D, (D'T"VGr—'D)*

= —((DTVGr'n)'® (DT VGr'D) "D, (DT VGr D).
From dy AB = (dy A)B + A(dy B),

d, (DT VGT'D)
= D'(d,TV)GI 'D+DT V(d,G)I 'D+DT VG(d, T "D
= D'(d, T V)GI 'D+DT V(d,G)I 'D+DT VG(d, T "D,

and so, via vec(ABC) = (C' ® A)vecB,

D, (D'T"VGI'D)
= (DT VGeD)D, I+ (DT "o@DT V)D,G+ (D' ® DT VG)D,I'"!
= —(DTVG®D')vec] — (D' @ D'TVG)vec]
— (DT VDT ) (I '®])vecS, — (DT Y@DTV)(JaT ")vecs,
= — (DT VG®D')vec] — (D' ® D'T"VG)vec]
— (DT 'T '@ DT V])vecS, — (D'T"V]@ D'T VT ')vecS,,

where the second equality is obtained by inserting the expressions for D,I' "1, D, I~ and

D, G, while the last equality is due to (A ® B)(C ® D) = (AC ® BD). Further use of
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vec(ABC) = (C' ® A)vec B yields

D, (D'T"VGI'D)

—vec (D']'GT D) — vec (D'T"VGJD)

vec (DT V]S, T 'T™'D) — vec (D'T"VIT'S,J'T'D)

—vec (D'TYT'J'GT D) — vec (D'T"VGJIT D)

vec (DT YJTT 'S, I 'T™'D) — vec (DT VT 's, I T'JT'D)

vec (~D'TVL'GI'D - D'T"VGLI'D - D'T"VLGI'D - DT VGL'T'D)

vec (—D'T™V(L' + L)GT'D - D'TVG(L' + L)I'D).

This result, together with vec(ABC) = (C' ® A)vecB, (A® B)(C® D) = (AC ® BD) and
tr (A'B) = (vec A)'vec B, imply that the first term on the right-hand side of (D.33) can be

written as

o?(vecIr) (D'TVGMpap(L' + L)I 'D® I,)D,[(D'T VG 'D) ]

®

&

®

+

—?(vecIt) (D'T"VGMpap(L' + LT 'D® I,)((D'T"VGr D) !
(D'TVGr'D) YD, (DT VGI'D)

—c?(vecIr) (D'TVGMp1p(L' + L)T!D(D'TVGT D) !
(D'TVGr'D) YD, (D'TVGI'D)

—c?(vecIt)(D'T"VGMp-ip(L' + L)T'D(D'TVGT'D) !
(D'TVGT'D) YHvec (-D'TV(L' + L)GT'D - D'TVG(L' + L)I'D)
o*(vecIr)'vec[(D'T"VGI'D) (DT V(L' + L)GI'D

DT VG(L' 4+ L)r'D)(D'T~VGr—'D)'D'T V(L' + L)M;-1,GT ' D]

e (DT VGr D) " Y(DT V(L' + L)GT 'D+ DT VG(L' + L)I D)
(D'TVGr—'D)'D'TY(L' + L)Mp-1pGI D). (D.34)

In order to evaluate the second term on the right of (D.33), we need D,[D'T~V (L' +
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L)Mr-1pGI D). From dy AB = (dx A)B + A(dx B) and d, M-1p = —d, Pr-1p, we have

d, (D'TY(L' + L)Mp1,GT ' D)
= D'(d, T"Y)(L'+ L)Mr1p,GT 'D+ DT Vd, (L' + L)M1pGI D
+ DT V(L' +L)(dp My1p)GT 'D+ D'T V(L' + L)Mp-1p(d, G)T'D
+ DT Y(L'+L)Mp1pG(d, I 1D
= D'(d,TV)(L'+ L)Mp1pGI 'D+D'T™Vd, (L' + L)My1pGT D
— DT Y(L'+L)(dy Prap)GT 'D+ DT Y(L' + L)Mp-1p(d, G)I'D
+ DT Y(L'+L)Mp1pG(d, T 1)D.

By using this and vec(ABC) = (C’ ® A)vec B, we can show that

D, (D'T™Y(L' + L)My1,GT'D)
= (DTVGMpp(L'+L)® DD, TV + (D'T"VGMp1p ® D'TV)D, (L' + L)
(DTYGe DT V(L' +L))D, Prap+ (DT Y@ DT V(L' + L)Mp1p)D, G
+ (D'@DT V(L' + L)Mp1pG)D, T 1, (D.35)

where, viaD, L' = (L®T")vec]’,
D, (L' +L) =D, L' +D,L = (L&T )vec] + (I' ® L)vec].

By inserting this together with the expressions obtained for D, I ~!, D, I, D, Gand D, Pr-1p
into (D.35), and using (A ® B)(C ® D) = (AC ® BD), we obtain the following:

D, (D'T"Y(L' + L)My1pGI'D)

= — (DT VGMpip(L' + L) ® D')vec] — (D' ® D'T"Y(L' + LYMp-1pG)vec]
+ (DT VGPrapl’ @ DT V(L' + L)Mp-1p)vec ]
+ (D'TVYGMp1p @ DT V(L' + L)PrapI”)vec ]
(DT VT '@ DT Y(L'+ L)Mp1pJ)vecS,
(DT V] @ DT V(L' + L)Mp1pI ')vecS,
(D'T"VYGMp-1pL @ D'T VT )vec ]’
(

DT VGMp-1pI” @ DT VL)vec],
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which can be simplified using vec(ABC) = (C' ® A)vecB, I !S,I ¥ = Gand JT = L;

D, (D'T"V(L' + L)My-1pGI " 'D)

_|_
_|_

_|_

+ o+

—vec(D'TVT'J(L' 4+ LYMp-1pGT D) — vec(D'T V(L' 4+ L)Mp-1p,GJTT D)
vec (D'T™Y(L' 4 LYMp-1pJTPr-1pGT D)

ec (D'TV(L' + L)Pr-1pI' ' Mp-1pGT 7 1D)
vec (D'T"Y(L' + L)Mp1pJTT 'S, T 'T D)
vec (D'T V(L' + L)Mp1pI'S,I VT'J'T~'D)
vec (D'TVT'J'L' My-1pGT7'D) + vec (D'T™VLJT M1, GT D)
—vec(D'T VL (L' + L)Mp-1pGT D) — vec(D'T V(L' + L)Mp-1 pGLT~'D)
vec (D'T"V(L' 4+ L)Mp-1pLPr-1,GT D)
ec (D'TV(L' + L)Pr-1pL' My pGT1D)
vec (D'TY(L' 4+ L)YMp-1pLGT 'D) — vec (D'T V(L' + L)My1pGL'T D)
vec (D'TVL'L'Mp-1pGT D) 4 vec (D'T"YLLMp-1pGT D)
—vec(D'T VL' LMy pGI D) + vec (D'T"VLLMy-1,GI D)

vec (D'T™ V(L' 4 L)Mp-1pLMp-1pGT D)
vec (D'TV(L' 4 L)Mp-1pL' My pGT D)
vec (D'T™V(L' 4 L)Mp-1pLGT D) + vec (D'TV(L' + L)L'My-1,GT D)
vec (D'T"V(L' 4+ LYMp-1pLGT 'D) — vec(D'T™ V(L' + L)Mp-1pG(L' + L)I D)

vec(D'T V(L' + L)(L' + L)Mp-1p,GT D
DT V(L' + L)Mp-1p(L' + LYMp-1pGT 1D
DT V(L' + L)Mp1pG(L' + L)I D —2D'T"VL'LM-1,GT D).

By using this result, vec(ABC) = (C' ® A)vecB and tr (A'B) = (vec A)'vec B, the second
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term in (D.33) becomes

o*(vecIr) (Iy® (D'TVGI'D) 1D, [D'T V(L' + L)Mp1,GT ' D]

X

o*(veclr) (I, ® (D'TVGr—'D)=1)

vec(D'T™V(L' + L)(L' + L)Mp-1p,GT D

DT Y(L' + L)Mp-1p(L' + LYMp-1pGT 1D

DT V(L' + L)Mp-1pG(L' + L)I D - 2D'T"VL'LMy-1,GT7!D)

o*(vecIr) vec[(D'TVGr D)"Y (D'TV(L' + L)(L' + L)My-1 pGT 1D
D'TY(L' + L)Mp-1p(L' + L)Mp-1 pGT 1D

DT V(L' + L)Mp-1pG(L' + L)IT'D — 2D'T VL' LMy-1,GT 1D)]
cAr[(D'TVGr—'D)y " Y(D'T(L' + L)(L' + L)Mp-1p,GT 1D

D'T V(L' + L)Mp-1p(L' + LYMp-1 pGT D

DT V(L' + L)Mp-1pG(L' + L)I'D —2D'TVL'LM-1,GT D). (D.36)

Hence, by adding the results in (D.34) and (D.36), we get

_|_

o?(vecIr) (D'TVGMpp(L' + L)I 'D® L,)D,[(D'TVGI 'D) ]

o?(vecIr) (In® (D'T-VGI'D) "D, [D'T¥(L' + L)My1p,GI ' D]

At [(D'TVGr'D) N (D'TV(L'+ L)GT'D+ DT VG(L' + L)I'D)
(D'TVGr—'D)'D'T (L' + L)Mp-1pGT D

(D'T"Ver'o) " Y(D'T V(L' + L)(L' + L)Mp-1pGT'D

D'T V(L' + L)Mp-ip(L' + LYMp-1 pGT ™D

DT V(L' + L)Mp-1pG(L' + L)IT D —2D'TVL'LMp-1p,GT D)) = 15, (D.37)

which establishes (b). |

E Proofs

In this section, for clarity, I'(1), I'(po), L(1) and L(pg) will be denoted I'y, Ty, L1 and Ly,

respectively. Define ¢o(r) = exp(racy) and p = exp(cN1T~7) = exp(cT 'a) for some
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c € C. Lemma E.1 is stated in terms of the following quantities:

h = [9o(2) ~1 - 20c0)/ (407ch),

h]'(C) = h]'l + (co — C)lxhjz + (co — C)zlxzh]'g
forj e {1,..,5} with

hyy = 1—coax+ c%:xz/?),

hlz = 1—2C0(X/3,

hiz = 1/3,
hy = 1/2—con/3,
hy = [2c00° +6(¢o(1) — 1) — 3coa(1 + ¢o(1))]/ (3cge®),
hos = [6—3c5u® —2c50’ + 6(com — 1)¢po(1)]/ (6cga*),
ha = [2c00° —12coupo(1)(¢o(1) — 1) +12(o(1) — 1)* + 3cga® (¢o(2) — 1)]/ (6c5’),
hyy = 2[—2c0a’ —3c5a’do(2) — 6¢o(1)(o(1) — 1) + coa(3 — 6¢ho(1) + 90 (2))]/ (6cger*),
hys = [—3+3cka® 4+ 2c3a® 4 3(con — 1)%p0(2)]/ (6c5a°),
ha = [cga® +6(go(1) —1) —3cow(1 +¢o(1))]/ (3ca’),
hy = —[20°c +24(¢po(1) — 1) +3a’c§(1+ o (1)) — 6aco(1 43¢0 (1))]/ (3a’cj),
his = [—12+3cka® + cga’ + 3(con — 2)%¢po(1)]/ (2cqe”),
hsy = 1/3,
hsy = [6—3c3a® —2c3a3 + 6(con — 1)¢o(1)]/ (3cgat),
hss = [—3+ 6acy + 6a°ch 4 2a3cd — 12acopo(1) + 3¢0(2)]/ (6a°c3),
which are all O(1).
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Lemma E.1. Suppose that Dy = (1,t)". Then, under Assumptions 2 and 3, uniformly in c,

(a) T 2tr (LoLy) = ho+O(TY),

(b) NTQNT = |: (1) hl(zc) ] +O(T_1/2),

(¢) T NyDT VL, [~!DNy = [ 8 hz(zC) } +O(T172),

(d) T 2NyD'T VLoL)T 'DNy = :8 hs(Zc) ' +O(T 1),
(e) T 2NyD'T~VLoLoI"'DNr = :8 h4?c) +O(T V),
(f) T 2NyD'T~VL,L,I"'DNp = :8 hs((’c) +LO(T V),

where Nt = diag(1, T~1/2).

Proof: Consider (a). From the definition of a,, py = exp(coN 7T~ 7) = exp(T 'acy). By
using this result and the fact that |tT~! — 7| = O(T~!), we can show that |exp(tT~1) —
exp(r)| = O(T~!) uniformly in t and r € [0,1] (see, for example, Moon and Phillips, 2000,
page 992). Hence, letting t = |rT| and ¢o(r) = exp(racy), we have

o = exp(T ttacy) = ¢o(r) +O(T™1), (E.38)
and so
1 T-2 1
T2 (L)) = =5 Y (T—t—1)p¥ = / (1— r)go(2r)dr +O(T )
= r=0
= hy+O(T™1), (E.39)

where by Taylor expansion of the type exp(x) = L% x/j,

B = [go(2) — 1 2uco)/(4a%R) — — <f} (2"‘.C°>j—1—zaco)

2.2 !
daccg - )

(E.40)

According to the ratio test, if lim;_, @11/ aj] < 1, then 2;?';0 aj is convergent. Hence, since

(o) 1/ (j+14k)!
(aco)// (j +k)!

as j — oo for « = O(1) and any finite k, Z}’io(zxco)j /(j + k)! converges. It follows that under

(j+k)!(aco)/ T
(G+1+k)!(aco)

laco| — 0

(j+1+k)

these conditions, iy = O(1). Regardless, we have

T 2tr (LoLy) = ho + O(T 1), (E.41)
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which holds uniformly in ¢, because the remainder only depends on ¢y. This establishes (a).
The result in (b) requires more work. We start by noting that I 1 = T, Y4 (oo —p)],

leading to the following expression for Q:

Q — Dll-'—lll-'—lD
= DT, "T;'D + (po — p)(D'Ty VD + D'J'Ty D) + (0o — p)*D'T'JD. (E.42)

Note how
Tt =1Ir—po] =Ir =] = (oo —1)] =T;" = (oo — 1)], (E.43)
where ! = I'(1)~! = Iy — . This means that
DTy"Ty'D = D'[Iy! = (oo = D] [T = (0o —1)]1D
= DT{'T{'D — (po — 1)(D'J'T{'D + D'T{VID) + (0o — 1)*D']']D.

It is convenient to define ¢; = (0,...,0,1,0,...,0)’, where the one sits at position ¢, and

Et=1r—e =(1,..,1,0,1,...,1) . In this notation,

11 [ ee T 1217 | 1 T1/2
NrD'T{'T{'DNr = 1R1e, T 11,1T = 1 ,

E'e T-12E1
/-1 _ 1¢1 T
NTD]Fl DNT — I Tfl/zt’/T]/el ]t/ :|
[0 T V2T —1)

0 (T-1)/2 |’

T-
[0 Tl/Z 1):|
Tlt

and, since [17 = E;,

NrD']'JDNr
)y T V2Lt | EE; T-V2E Jtr
T2y T Yo'ty | | TV )'Er T 1t/]]t
_ [ T-1 1/223“1%]_[ T-1 VT(T-1)/2 ]
Colrveelty rielte | | VT(T-1)/2 (T-1)[2(T—1)+1]/6 |

By using these results and the fact that exp(x) = 1 + x + O(x?), we obtain

NtD'T,'Ty'DNr = D'T{¥T{'D— (00— 1)(D'J'T{'D — D'T{VID) + (po — 1)*D'J'JD
= NrD'T{"T{'DNr — coaT 'N¢(D'J'T{'D+ D'T;V]D)Nr
4+ 3a*T2NrD'J'IJDNt + O(a*T~ 1) + O(a®T71). (E.44)
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A word on the order of the remainder. Note how T~1||Nr(D'J'T{'D — D'T;VJD)N¢| =

O(1). The first of the two order terms is due to the error caused by the Taylor approximation

of (pp — 1), which is
O(e*T %) |INp(D'JT{'D — D'T{VJD)Nr|| = O(a*T ).

The second order term is due to the approximation of (py — 1), which leads to an error

whose order is of the form
O(@*(aT '+ a?T 2 +..) =0T Ha+a?T ' +a3T 2+ ..)) = 03T ),
where the last equality holds, because aT~1/2 = O(T~'/2) = o(1). But then O(a?T~1) +
O®T~ 1) =0(T™ '), and so
ND'T VT 'DNr = DT VT 'D — (po — 1)(D'J'T;'D — D'TV]D) + (po — 1)*D'J']D
= NyD'T{"T{'DNr —coaT 'Ny(D'J'T{'D + D'T;V]D)Nr
+ Aa*T2N7D'J'JDN7 +O(T71). (E.45)

Many of the terms that we will be considering have the same form as NyD'T; “T; ' DNr. The

evaluation of the remainder in these expressions will therefore be very similar to the one just

given.

The above results for NyD'T; T DNy, NyD'J'T; ' DNt and NrD'J'TDNr imply

NrD'T{VTT'DNy = L+0O(T'/?),

-1 f 1 . 0 0 ~1/2
T-'NtD'J'T{'DNy = [o 1/2 +0(T1?),
T2NyD'J'JDNy = 00 +0(T71/?)
T T 0 1/3 :

Direct insertion in the expression for NyD'T, VT, ! DNr yields
NrD'T,'T; ' DNy
= NrD'T{"T{'DNr — coaT 'N¢(D'J'T{'D + D'T;V]D)Nr
+ c3a*T2N7D'J'JDNy + O(T 1)
1 0

— —-1/2
= 0 1ot a3 | FOTT, (E.46)
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Next, consider Nr(D'Ty VD + D'J'T;'D)Nr. By using Ty = I';* — (0o — 1)], Taylor ex-
pansion of pg around unity, and the above results for Nt D']'T| DNy and T-2NyD'J'DNr,
T !NtD'Ty;YIDNr = T 'NyD'T{YJDNr — (0o —1)T 'NrD'J'JDNr
= T 'NyD'T{V]DNr —coaT>NyD'J'JDNr +O(T 1)
0 0

— -1/2
= 0 1/2—con/3 +0O(T ). (E.47)

In view of (pg — p) = (co — c)aT~ + O(T~2), the above results impl
Po—p ply

NTQNT
= NrD'T,"Ty'DNr + (po — p)Nr(D'Ty VD + D'J'Ty ' D)Nt + (00 — 0)*NrD'J'JDN7

NrD'T YT ' DNt + (co — ¢)aT !Ny (D'Ty VJD + D'J'Ty ' D) N
4+ (co—¢)*a*T2NyD'J'JDNr +O(T™1)
Q+0(T71?), (E.48)

The remainder here is not independent of c. However, the part of the remainder that drives
its order is independent of c. Therefore, the result holds uniformly in c (see, for example,
Moon and Phillips, 2004, Proof of Lemma 3).

Let us now consider (c). We have
DT VLI™'D = DTy LoTy'D + (po — p)(D'TyLoJD + D'J'LoTy ' D)
+ (oo —p)*D']'LoJ D. (E.49)
Direct calculations reveal that

T 2NrD'T;{VLoJDNr

T-2e{LoEr  T5/2e|LoJtr
| T-2E\LoE; T 3E|Lojtr

0 0
= gﬁﬂﬂﬁmﬁ%TﬁﬂfﬁﬂwﬂW]
0 0

-1/2
L 0 frlzo fur:o(r — u)¢po(u)dudr +O(T )

- |9 0 -1/2
T |0 —[242con + cja? — 2¢p(1)]/ (2c3a3) ] +0O(T~/9),
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and

T3NrD'J'LoJDN7
[ TPE{LoE;  T77/2E|LoJtr
I T77/2t/ ]/LOE1 4t/ ]/LOJtT
Lo Lagfh T 72 P oy }
7”2 YRty TAYT RNl 14 s)p
0 0
f f r(r+u)go(u)dudr
[0 0

_ ~1/2
T L0 [6—3c3a® —2c3a + 6(cow — 1)¢o(1)]/ (6ciat) } +O(T™77).

+0(T71/?)

Therefore, since ;! =T — (oo — 1)] and (oo — 1) = coaT~1 + O(T~2),

T~>NrD'J'LiTy ' DN
= T 2NrD'J'L{T;{'DNr — coaT >NyD'J'LiJDNr + O(T 1)
0 0

- 0[%ﬁ+6wmﬂ—n—ewm1+%anwwg@)]+OU””) (E.50)

For T-'NyD'T-VL,T~!DNr, we use the fact that JT = L, implying Lol“a1 = J. Hence, in
view of (E.47),
T !NrD'TyVLoTy'DNr = T 'NyD'T, VJDNr,

which is known from before. Insertion and simplification now yields

T 'NyD'T VLI 'DNr
= T 'NyD'TyVLeTy'DNr + (po — )T 'Np(D'TyVLoJD + D'J'LoTy ' D) Nr
+ (po—p)*T'NyD'J'LoJDNr
= T 'NyDTyVLoTy'DNr + (co — ¢)aT *Nr(D'Ty VLoD + D'J'JD)Nr
4+ (co —¢)?a®>T3NyD'J'LoJDNr + O(T 1)

0 0 ~1/2
[ 0 (o ] +O(T™1?), (E.51)
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which holds uniformly in c. Recall ¢o(1) = }72 (aco)?/j!. Insertion and simplification yields

e = 266+ 6(00(1) — 1) — Seon(1 + (1)
0

1 & (et > (nco)!
= 2c303 + 6 : -3 1 :
3c3ad ( o+ ].Z(:) (G+1)! cot +]Z’ !

B 1 >, (nco)/ 3 © zch )i+2
= 3 <2C8¢x3+6§ (j+3) Z )
1 weo) L& ()

B 3<2+6Z 3)!‘3]§<]’+02>!)’

and

1
hys = = 4[6 3cga® — 2c3a® + 6(con — 1)¢po(1)]
o0&

2 00 j
= & —i 6 — 3c
6c00c -0
1 & (pco)i 3 o0 (occo)f+4
= —— 1|6 - —6 -
e ( L P Ty By

j=0
> (acp) & (wep)!
Z(j+3)!_z(j+4)!’

j=0 j=0

which are both O(1). This can be verified by using the ratio test.

For (d), we use

T 2NrD'TyVLoLyT, ' DN
= T 2NrD'T{VLoL{T;' DNy — coa T >Ny (D'T; YLoLyJD + D'J'LoL{T; *D)Nr
4+ 3a’T*N7D'J'LoLy]DNt + O(T71). (E.52)

We start with the first term on the right, which we write as

T 2NrD'TVLoLiT DNy
= T 2NrD'TyVLoLyTy'DNr + (00 — p) T *Nr(D'Ty Y LoLyJD + D'J'LoLyTy ' D) N
+ (oo — p)*T >NrD']J'LoL{]DNr. (E.53)
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Here

T 4NrD'J'LoLyJ DNy
_ T4EjLoLyE;  T7%/2E|LoL}Jtr
| T2, 'LoLyE; Tt ]’LOL Jtr

_ Ty (S0 )’ T 9/22 T 'Tao (E+H 005
I B S Wt Wi = Mt R)ps™ 2 [ZT - 1(t+s>po]

_ i 0 0 —-1/2

= L0 L+ wge(wdupar | TOTT)

[0 0 1/2
= o h33]+O(T )
where
1
hys = —5—=[-3+3c Sa® +2c3e> + 3(con — 1)%o(2)]
6cooc
1 20(C())
= —— [ -3+33®+2c3 3Cuc—12
1 - o0 2M0)]+ 7_0“:0 ]+4 ) (ZDéCo)j+5
- 3c3u 6con T3 e
6cu 5( =N ;o ]Zo G+5):

1 = (2ac ad thco > (2ucp)
N 6(32(]+3 Z Z(:) )

]

which is O(1) under « = O(1). By using this,

T 2NrD'T;{VLoLyT;{ ' DNy

[ T2LoLjer T2 LeLyEr ] _ [ 0O 0
= T*S/QE’LOL’Q T3E{LoLyEq 0 T3 f(Ti0p))?
[0
_ +O(T™)
0 f O[fu OCPO 2d1’
0 0

= 0 [3+2c0a_4¢0(1)+¢0( )] ( 3 3) } +O(T*1),
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and

T3NrD'T{VLoLy]DNr
[ T 3e|LoL)E; T~ 7/2ejLoL}Jtr
= —7/211 / —4/ /
| T-72E|LoLLE; T *E|LoL)Jtr
T 0 0 }
| TR (Tmoed)® THEL NS By (E+k)ept
0 0
frlzof f _o (r 4+ u)po(u + v)dodudr
[ 0 0

- ~1/2
L0 [c§e = (¢o(1) = 1)+ con(eo(1) — 1)%]/ (2c5a*) ] +O(T™77),

+0(T71/?)

we obtain
T *NrD'TyVLoLyTy ' DN
= T 2NrD'T{VLoL{T{'DNr — coa T>Np(D'Ty YLoLyJD + D'J'LoL{T{ ' D) Nr

4+ ABa®T*NrD'J'LoLyJ DNy +O(a3T™ 1) + O(a3T 1)

_ |00 -1/
— [o hay ] +0(T71?), (E.54)
where
hs = [3+42con —4¢o(1) + o(2)]/ (2c3%)

— 2coufcga’ — (¢o(1) —1)* + con(go(1) —1)*]/ (2c5a*)
+ Aa?[—3 +3ca® + 2c3a® + 3(cow — 1)%¢0(2)]/ (6c3a°)
= [2cga® — 12cono(1) (¢ (1) — 1) +12(go(1) — 1) + 3cga* (¢o(2) — 1)1/ (6c5a).
The usual approach can be used to show that h3; = O(1) under « = O(1).
The same results can be used to show that
T3NrD'TyVLoLy]D
= T °NrD'T;{VLoLyJDNr — (po — 1)T*NrD'J'LoLy] DN
= T °NrD'T{VLoLyJDNr — coa T *NrD'J'LoL{] DNt + O(a3T 1)

0 0 _
where
hy = [cga® — (¢o(1) —1)* + com(¢po(1) — 1)*] / (2c5a?)

— coa[—3 4 3c3a? +2c3a® 4+ 3(cor — 1) (2)] / (6c5a°)
= [-2c3a® — 3cga’po(2) — 6¢0(1)(¢o(1) — 1) + cor(3 — 6¢0(1) + 9¢po(2))]/ (6c5ac™),
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which is again O(1) under « = O(1). Hence, by putting everything together,

T 2NyD'T VLoL{T'DN7
= T 2NrD'TyVLoLyTy ' DNt + (0o — )T 2Nr(D'Ty VLoLyJD + D'J' Lo LTy ' D) Ny
+ (oo — p)*T>NrD']J'LyLy]DNt
= T 2NrD'TyVLoLiTy ' DNy + (co — ¢)aT >Np(D'Ty VLoLy]D + D'J'Lo LTy ' D) Ny
+ (co —c)?a®*T*NrD'J'LyLy]DNT + O(T 1)

0 0 _
— [0 a(c) ] +0(T7V?), (E.56)

uniformly in c.

Next up is (e). We have
T 2NyD'T VLoLo,T 'DNr
= T 2NrD'TyVLoLoTy'DNr + (0o — p) T *Nr(D'Ty V' LoLo]D + D'J'LoLoly ' D) N
+ (po—p)*T>NyD'J'LoLoJ DNy
= T 2NrD'TyVLoJDNr + (po — 0) T *Nr(D'TyVLoLoJD + D'J'LoJD) Nt
+ (oo — p)*T>NrD']'LyLo]DNr. (E.57)

Here

T~ *NyD'J'LoLoJDN7

— [ T *E{LoLoE1 T °/2E{LoLoJtr
| T4 ] LoLoE; Tt} ]’LoLojtT
- 2 TEZ TZSZ OET ) S+k k—t T‘9/T2Z2;t Tzzls OZT )’ 4(t_k+1>pk8+tk1
R E S v [ RRSR s &5 R T
0 0
B O(T~1/2
L f fu rfv o U(r —v)po(u + v —r)dodudr +0( )
o o 1
- I 0 h43 +O(T )

The limit of T"2N7D'T, VLoJDNr is equal to the limit of T-2N7D']'L{T, ' DNr, as the latter

has already been shown to be asymptotically symmetric. Hence, since we have already
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evaluated T~3NrD’]J'LoJDNr, it only remains to consider T‘3NTDT51’L0L0]DNT. We have

T 3NrD'T;VLoLoJDNr

_ T3ejLoLoEr T~ 7/2ejLoLoJtr }
| T7/2E{LoLoE; T *E|LoLoJtr
0 0 0
TR E o T ey T T (- k+ 1)pg
0 0
= 1 1— +0(T1/?)
|0 g Sumo Joco (r = 0)o(u + v)dodudr
[ 0 0 ~1/2
— o(T .
06— 60u(t) + con(t-+ on - 29u(1))/ (acfaty | O

Hence, since
[6 —6¢o(1) + con(4 + corw + 2¢(1))] /(2c§0¢4) — conhys
= —[2a3c] +42(¢po(1) — 1) +3a>c3(1 + 2¢o(1)) — 6aco(2 + 5¢0(1))]/ (6a*cd),
we obtain
T >NrD'TyVLoLoJD
= T °NrD'T;{VLoLoJDNr — (po — 1)T *NrD'J'LoLoJ DNy
= T °NrD'T;{VLoLoJDNr — coaT *NrD'J'LoLoJDNt + O(T 1)

0 0
T L0 —[2a33 +42(¢o(1) — 1) 4 302c3(1 + 2¢0(1)) — 6co(2 + 5o (1))]/ (6a*cd)
+ O(T7V?). (E.58)
This implies

T2NyD'T VLoLoI " 'DN¢
= T 2NrD'TyVLoJDNr + (po — o) T 2Nr(D'TyVLoLoJD + D'J'LoJD) Nt
+ (po—p)*T*NrD'J'LoLoJDNr
= T 2NrD'TyVLoJDNr + (co — ¢)aT >N (D'Ty"LoLoJD + D'J'LoJD)Nr
+ (co—¢)*®*T*ND'J'LoLoJDNy + O(T™ 1)
_ [ 0 o ] Lo, (E.59)
uniformly in ¢, where hy; in hy(c) is derived from
hyp = —[20°c5+42(¢o(1) — 1) +3a’c5(1+2¢0(1)) — 6aco(2 + 5¢0(1))]/ (6a'cp)
4+ [6—3c3a® — 2c3a® 4 6(cow — 1)¢o(1)]/ (6cga*)

= —[2a3c3 +24(¢o(1) — 1) +3a2c5(1 + Ppo(1)) — 6rco (1 + 3¢o(1))]/ (3a*c).
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It remains to consider (f). In the usual fashion, we have

T 2NyD'T VL{L,T'DN7
= T 2NrD'TyVLiLeTy ' DNr + (00 — p)T *Nr(D'Ty YLyLoJD + D'J'LyLoTy ' D) N
+ (o0 — p)*T>NrD'J'L{LoJDNr

T-2NrD'J'JDNr + (po — 0) T *Nr(D'J'LoJD + D'J'Ly] D) Nr

+ (oo — p)*T2NrD'JLyLoJ DNy
= T *NgD'J'JDNr + (co — ¢)aT>Nr(D'J'LoJD + D'J'Ly] D) Nt
+ (co — ¢)?®T *NrD'J'LyLoJDNr + O(T™Y), (E.60)

uniformly in c. All terms here are known, except for T"*NrD’J'LiLoJDNr. A direct calcula-

tion reveals that

T *NrD'J'LyLoJDNr

_ T4E{L)LoE;  T%/2E{L{LoJtr ]
| T2 ' L{LoEr  Toth]'LLoJtr
_ TT;4 Ztth_o3 (Fé:o 05)? ) T2 ZtT:_TlS 3&:9 Lho(t —k+1)05™
[ T2 850 o Dho (F — K+ 1)pp" T2y (Lemo(t —s +1)p3)?
0 0
= 1 +0(T?)
0 Jro (T _o(r — u)po (u)du)?dr
_Jo o “1/2
= 10 s ] +0O(T™7),
giving
T 2NtD'TVLiLiT 'DNyp = 00 1y O(T~ /%), (E.61)
0 h5(C)
This establishes (f), and hence the proof of Lemma E.1 is complete. u

Proof of Lemma 1.

From the first-order condition with respect to S, we obtain the following slightly modified

expression for A:
A=Ir+oc I 'DS,D'T7V.
The Woodbury identity states that (A + CBC')™! = A™1 — A-1C(B~! + C’A"IC)"1C’A~!

(see Abadir and Magnus, 2005, Exercise 5.17). Application of this identity to A1 yields,
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with K = (62571 + Q) 71,

A'=1r-T7'D(c*$;'+ Q) 'D'TV = I —T'DKD'TY,
and therefore

Q* = Tlog(c?) +log(|A]) + ¢ tr G — o *tr (GT'DKD'T™Y),

where G = r-lsyr-l’ is as before.

Consider 0~ 2tr (GT'DKD'TV). Clearly,

A

Sy = oI 'D) (¢72G—Ir)(I' D)™’
— (D/F_llr_lD)_1D/r_1lGr_1D(D,F_l/r_lD)_l _ O.Z(D/r—lll—'—lD)—l

— Q—lD/l—v—llcl—v—lDQ—l _ (7'2Q_1.
By using this and (A + CBC')"! = A~ — A"IC(B~1+ C'A~1C)"IC'A7Y,

K

(@*5'+Q) '=Q 1 -Q (e 2+ Q)T
— Q—l o UZ(DIF_IIGF_ID)_I.
Direct insertion now yields
tr (GT'DKD'T™V)
= tr(DTVYGI'DK) = tr [ DT VGI 'D(Q ! —c*(D'TVGI'D)™)]
= tr(DTVGr'pQ™") —c?trl, = tr (D'TVGI'DQ™) — ¢?m,

where m is the dimension of D;.

Consider
DT VGIr'D=DT'T's,r '17'D.

Letting S, = N1 YN | e, Sy can be expanded as follows:

1 N
N Y (Ty'DA; + &) (T 'DA; +€)'T
i=1

Sy = ToS.Th=T

1 1
= ogToly+ DS\D' + N N -

i=1 i=1
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(E.62)

(E.63)

(E.64)

(E.65)
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This implies

DT VGr-'p

+

—17/y—1 —1/py-1
DT VTS, r-'r'D
DT VT Ty 'r'D 4 DT VT "'DS, D'TVT'D

1 N 1N
D’r—l’r—lN D)Lis;r()r—l’r—lD+D’r—1’r—1r0N g AD'TVT™1D

i=1 i=1
D'T~ VT 'To(S; — oglr)L T ~'D

1 N
DT VI 0TI VT 1D + QS,Q + Qx Y A ToI 17D
i=1

1 N
DT T Ty 3~ eMiQ+ D'T~VT " To(S. — o} Ir)TeT T ' (E.67)
i=1

and therefore

tr (GT'DKD'T™Y) = tr(D'TVGr'DQ™ ) — o?m

= Gt (DT VT ITIr V"I 1DQ 1) + tr (QS,)

1 N
+ 2tr (D/F_l’F_lfoNZsiM)
i=1

+ tr[D'T VT To(Se — B Ir)TRr VT 'DQ 7 — o?m.  (E.68)

The same expansion can be used to show that

trG

= tr(I's,r ")

1 N
= ogtr ([T TeTpT YY) + tr (QSy) + 2tr (rlroNZsiAgD’rl’)
i=1

+ tr [T 'To(Se — og Ip)THT V). (E.69)

These expressions can be substituted into Q*, giving, after cancellation of common terms,

Q*

= Tlog(c?) +1og(|A]) + 0 2tr G — ¢ *tr (GT'DKD'TV)
= Tlog(c?) +1log(|A]) + o203t (T ToTpI )
o 20gtr (D'T VT I r VT 1DQ 1)
+ o [[1To(S: — a3 IT)TT Y]
— o2 [D'T VT 'To(Se — o Ip)TRT VT IDQ 7Y +m, (E.70)

where of course D; = (1,t)’ in the current constant and trend case.
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Consider tr ([T~ Y). Note how I'"'Ty = Ir + (po — p)Lo. Since trLy = 0, this
implies
tr (T7'TTT YY) = trIp +2(po — p)tr Lo + (0o — p)*tr (LoLg)
= T+ (po — p)*tr (LoLy). (E.71)
Application of Lemma E.1 (a), exp(x) = 1+ x + O(x?), and the fact that « = O(1), now
yields
tr (T7IToTpIY) = T+ (oo — p)*tr (LoLy)
= T+ (co—c)*®T *tr (LoLh) +O(T )
= T+ (co—c)*a®hyg+O(T™), (E.72)
which holds uniformly in c.
Next, consider tr (D'T~VT 1T, IyT YT~ !DQ~1!). Application of I 1Ty = It + (0o — p) Lo
yields
tr (D'T VT LI V'r'DQ1)
= tr(D'T"V[Ir + (po — p)Lo] I + (po — p)Lo] T"'DQ™")
= tr(QQ ") +2(po — p)tr (DT VLol 'DQ™) + (0o — p)*tr (DT~ VLoLgl 'DQ ™)
= 2+4+2(po — p)tr (DT VLT IDQ™Y) + (0o — p)?tr (DT VLoLiT'DQ™Y), (E.73)

According to Lemma E.1 (b), || NTQNr — Q|| = O(T~/2), where Q = diag([1, 1(c)]. Note

how 1 (c) > 0 for all real triplets («, ¢o, ¢), implying Q is positive definite with inverse

Q= H 1/;2@) ]

Hence, by using the results of Andrews (1987), we can show that

(NTQN7) ' =Q ' +0O(T172), (E.74)
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uniformly in c. By using this and Lemma E.1, we obtain
NrD'T VT AT, T VT DNy (NTQN7) !
= DL +2(po—p)NrD'T VLI 'DNy(NrQNr) ~?
+ (po — p)*NrD'T VLoL{T ' DNr(N7QNr) !

L +2(co—c)aT Ny D'T VLT ' DNy (NrQNrp) ™!

+ (co—¢)?a®T2NyD'T~VLoLyT ' DN¢(NrQNp) "' + O(T 1)

= DL+2(co—c)a |: 8 hz(c)(/)hl(c) :| + (co —C)lez |: 8 hB(C)(/)hl(c) :| _*_O(Tfl/Z)
1 0 L

[ 0 1+2(co—c)ahy(c)/hi(c)+ (co— c)?a®hs(c)/hy(c) ] +O(TV?),  (E75)

which again holds uniformly in c. This means that (E.73) can be written as follows:
tr (DT VI Irrpr'1-'DQ 1)
= 24 2(co — c)ahy(c)/hi(c) + (co — c)?a®hs3(c) /h(c) + O(T1/?). (E.76)

Hence, in view of the result previously obtained for tr (T~ !To[jI' V) (with D; = (1,t)’), we

obtain
tr (T Y) — tr (DT VT I Lpr VT DO 1)
= T—2—2(co—c)ahy(c)/hi(c) + (co — c)?a*[hg — h3(c) /h1(c)] + O(TV/?)
= T—-2—g(c)/m(c)+0O(T71/?), (E.77)
uniformly in ¢, where
g(c) = 2(co—c)ahz(c) — (co — c)*a[hoh1(c) — h3(c)]
= (co—c)agy + (co— c)2a2g2 + (co— c)31x3g3 + (co — c)4zx4g4,
with
g1 = 2hy,
g2 = 2hy» — hitho + h3,
g3 = 2hyz — hohiy + h3p,

g4 = hzz—hohys.

This accounts for two of the terms of Q* in (E.70).
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Let us now consider log(|A|). By Sylvester’s determinant theorem, |I, + AB| = |I, + BA|
for any p x g matrix A and g X p matrix B (see Andrews, 1987, Exercise 5.37). This implies

log(|A]) = log(|Ir +o 2T 'DS,D'TY|) =log(|L, + 0 25,D'T'T~!D|)
= log(|k+07%5,Ql). (E.78)

Consider $,. From

Q*lD/rfl/Grfl DQ*l

1 N

N AT VT 1DQ !
i=1

= @Q 'D'T VI T Il "I 'DQ ™' + 5, +

1 N
+ Q*lD/r*”rflroN Y &M+ Q DT VT 'Ty(Se — ogIr)TeI T~ 'DQ Y, (E.79)
i=1
we get, with 02 = ¢,

A

S, = QDT VGr'DQ ! - Q!
| N 1Y
= Syt LAETE TTIDQT + QT DT VT o ) eid]
i=1 i=1
Q 'D'T T 'To(Se — ofIr)IeT T 'DQ ™
a2Q H(D'T VT Tyl 1D - Q)Q !

1 N
= Sty Y AelToT T 'DNr(NrQNr) !Ny
i=1

1 N
+ NT(NTQNT)‘lNTDT‘lT‘ll"ONEsiM
i=1
Nr(NrQN7) INyD'T VT 1Ty (S, — 02 I7)TT VT ' DN (NTQNr) !N
e Nt (NTQN7) “INp(D'T VT T~ VT 1D — Q)N (NrQN7) "' Nr. (E.80)

Consider the second term on the right. By using the fact that T~y = It + (0o — p)Lo, we
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have

1 N
H Y AelToT YT 'DNr
N i=1

1 Y _
= ‘N ZAZ'SHIT + (PO — p)Lo],r 1DNT
i=1
1 Y 1 Y
< N Y AT 'DNr | + [po — p| N Y Al LT ' DNy
i=1 i=1
< N7V2 1 ﬁAisgr—lDNT
VN &5

. (E.81)

1 N
+ N V2T|py — pl H Y AieiLogT ' DNy
VNT =

Consider N~/2yN | ;T DNr. By using E(g;e}) = 0ZIr, the cross-section independence

of ¢;, the fact that €T~ 'DD'T~V¢; is just a scalar, and || NyQNr| = O(1), we get

dl )

Eltr(NTD'T~"e;A;A;je/T ' DNr)]

QF”DNT

1 N
— ) Aje
VN 1:21 l

I
Z|~
=

=z

Il
—_
~.
Il
—_

E(¢;T"'DNyNrD'T Ve )tr(A;A])

I
Zl =
=
1=

Il
—
~.
Il
—

tr[E(e;e})T 'DNrNrD'T~V]tr(AA7)

I
Zz| =
=
1=

Il
—_
.
Il
—_

tr[E(e;e)T ' DNy Ny D'T~V]tr(A;A))

Il
Zl -
=

—_

i=

= optr(NyD'T VT IDNp)tr(S)) = O(1),

and, by repeated use of the same argument,

2
N
o Aiei LT ' DNy = 02tr(T >NyD'T VLoLiT "' DN7)tr(S,),
\/NT =0 0 0
i=1

which is O(1) for tr(T 2NyD'T~VLoL{T"!DNr) is (see Lemma E.1). It follows that since
N2y N, AielT"'DNr| and [[N~V2T-1 N | el LiT " DNr|| are both O, (1), and T(pp —
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p) = (co—c)a+O(T~1), we have

1 N
H Y AelToT YT 'DNr
N5

N~ 1/2

IN

2/\ eI 'DNr
i=1

= O,(N7'/2). (E.82)

+N"V2T|pg — pIH\ﬁ ZA I'DNp

We also know that ||[(NTQN7) || = O(1) and ||N7| = 1+ T~'/2,and so

1 Y e _
NZAiegrgr Yr='DN7(NrQNr) N7

i=1

—-1/2

IN

Z/\s ol VT~ 'DNr|||[(NrQN7) ||| N7 |

= op(N—l/Z). (E.83)

The order of the third term on the right of (E.135) is the same.
Let us now consider the fourth term on the right-hand side of (E.135). Note how

E(JA(Se — ogIr)A'||*) = E(tr[A(Se — ogIr)A’A(Se — o5 I1) A])
= E(tr[AS;A’AS. A" — 203 AS. A’ AA" + 05 AA’AA'])
= tr[AE(S.A'AS.) A’ — 203 AE(S,)A'AA" + dtAA' AA]
= tr[E(AS.A'AS.A') — B AA AA'
for any deterministic matrix A. Since YV, = Y V.! = N(N — 1) /2 and tr(Ae;el A’ Ag;el A') =
(¢lA’ Ag;)?, tr[E(AS. A’ AS.A’)] can be written
tr[E(AS.A’AS.A)]

N i—1
= NZZtr (Ag;ei A’ Agiei A') Z; r[AE (e;e;) A" AE (gje}) A']

1
= Z E[(¢}A’Ag;)?] + N"H(N — 1)odtr(AA'AA"),
i=1

from which it follows that

1 N
E(|A(Se — agIr)A'||?) = N Y E[(e/A'Ag;)*] — N~ logtr(AA'AA). (E.84)
i=1
Now set A = NpD'T-VI'~IT,. We have shown that ||NTD’I"*l’l"*ll"ol"(’)l"*l’FflDNT|| =

O(1). Therefore, tr(AA’AA") = ||AA’|| = O(1). A tedious yet straightforward calculation
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reveals that N~' YN | E[(e/A’Ae;)?] = O(1) (see Proof of Lemma E.2 for a similar calcula-
tion). It follows that
E(INtD'T7VTT(S, — a3 Ip)TI VT IDN7||?) = O(N71Y),
and so
INTD'T VT 1To(S, — a2 IT)THT VT "' DNr|| = O,(N~1/2). (E.85)
It remains to consider the last term on the right of (E.135). According to Lemma E.1,
NyD'T VT oI "T DNy — NrQNy
= (co—c)aT'NtD'T V(Lo + L))T ' DNr + (co — ¢)*a*T >NrD'T VLoL{T ' DNy
= [0 0 ]+O(T1/2). (E.86)

0 2(co— c)aha(c) + (co — c)?a?hs(c)

= 0(T"2) with Q' = diag[1,1/h1(c)],

Hence, since || (NtQN7) ™' — Q
(NrQN7) INp(D'T VT V'T7 D — Q)N7(NrQNp) 1
= [ 0 2(co — c)arha(c) /1 (c)? h (co — ¢)2ah3(c) /Iy (c)? ] +O(T™),  (E87)
from which it follows that
|N7(NrQN7) "IN (DT VT I VT ~1D — Q)Nr(NTQN7) I Ny||

O(T~1/?2). (E.88)

Putting everything together, (E.135) reduces to
. 1Y
S\ = S+ N Y AelToT T 'DNr(NrQNr) !N
i=1
1 N
+ NT(NTQNT)_1NTD/1"‘1’1"‘11"0NEsiAf
i=1
+ Nr(NyQNp) INyD'T VT 1Ty (S, — o3 Ir)THT VT 'DNy(NTQN7) "IN
+ 02Np(NrQNp) 'Np(D'T- VT 'ToTI T 'D — Q)N (NrQN7) !Ny
= Sy +0,(N"V2)+0,(T71/?), (E.89)

which holds uniformly in c.

Let us now go back to (E.78). We had log(|A|) = log(|I + c725,Q|). From |I,, + A| =
1+ |A| +trA and |aA| = a"|A| for any n X n matrix A (see Abadir and Magnus, 2005,
Exercise 4.35),

log(|A]) =log(|I +0725,Q|) = log[1 4+ ¢ *15,Q| + o %tr (5,Q)], (E.90)
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and by further use of |AB| = |A||B| (see Abadir and Magnus, 2005, Exercise 4.42) and
IN;!| = /T, we obtain
log(JA]) = log[T'+ o *T YSAN; Y (NrQN7r)N7 Y + 02T 1 (5,Q)] +log(T)
= log[T '+ o *T YN ?|SA|[NrQNr| + 02T r (5,Q)] + log(T)
= log[T '+ ¢ *$,)|[NrQN7| + ¢ %tr (S,T1Q)] + log(T). (E.91)

Let Spun = [Sa]mn be the element of S, that sits in row #n and column m. Note how S5 =

S»1. In this notation,

& -1 _ 0 0 ~1/2 ~1/2

(6, T71Q) = tr (sA [ 0 he) | ) TONTH0p(T )
= Simhi(c) + Op(N7V2) +0,(T71/?), (E.92)
uniformly in c. From |I, + A| = 1+ |A| + tr A, we have |A +¢B| = |A|l, + eA™'B| =
|A|[1+ ¢"|A7'B| + etr (A7!B)] = |A| + O(e) for e = 0(1) and any n x n matrices A and B,

where A is positive definite. This implies

Sa] = [Sal +Op(N"V2) +0,(T7V3), (E.93)
INFQN7| = hy(c) +O(T7/3). (E.94)

where |S,| = S)115122 — S3,. Insertion yields

log(|A])
= log[T '+ 745, ||INTQN7| + ¢ %tr (5, T Q)] + log(T)
= loglc *(Sr118222 — S312) M1 (c) + 0 2Spxh1(c)] + log(T) + Op(N~V2) + O, (T~1/?)
= log[o *(Sr115x22 — S312) + 0 *Sana) + loghi(c)] + log(T)
+ Op(N"V2)+0,(T7V?), (E.95)

uniformly in c.

The results used to obtain the above expression for log(|A|) also imply

tr[D'T VT 1Ty (Se — a3 I7)TET VT 1DQ 1]
= tr[NrD'T VT Ty(Se — 3 Ir)THT VT ' DNy (NrQN7) ]
= O,(N"/2). (E.96)
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We have now considered all terms in (E.70), except tr [['To(S. — 03 Ir)I{T~]. From
[Ty = It + (oo — p) Lo,
tr [T 'To(Se — o3 I)THI V]
= tr[(Ir + (0o = p)Lo)(Se — 0§ I7) (Ir + (po — p)Lo)']
= tr (S —03lr) +2T(po — p) T tr [(Se — 03 I7)Lo]
+ T*(po — p)*T *tr [Lo(Se — ogIr) Lo).- (E.97)
The steps used for evaluating E(||[NyD'T VT 1Ty (S, — 03 Ir)T,T YT !DNr||?) can be ap-

plied also to E[(Ttr [(Se — 051I1)Lo])?], E[(T2tr [Ly(Se — 03Ir) Lo )?] and E([tr (S — 0317)]?),
the first of which is given by

E[(T 'tr [(Se — 03Ir)Lo])?] = NlT) iE[(séa)(eéLoLaei)] — N~'T 205 tr(LoLy)
i=1
= O(N).

Hence, T~!tr [(Se — 03Ir)Lo] = Op(N1/2) and we can similarly show that T~2tr [(S; —
0gIr)LoLy] is of the same order. By using this and T(pg — p) = (co — ¢)a + O(T 1), we
obtain
tr [T71To(Se — ogIr)THI Y]
= tr(Se —0glr) +2T(po — )T 'tr[(Se — o5 Ir) Lo] + T*(po — 0)*T~tr [Lo(Se — 0 I1) Lo
= tr(Se — 03lr) +2(co — c)aT tr [(Se — o3 Ir)Lo)
+ (co—¢)?a®T2tr [L{(Se — 0§ Ir)Lo] + Op(N~V/2T71)
tr (Se — 03 It) + Op(N~V2) + 0,(T7), (E.98)

uniformly in c.

We now have all the pieces needed to evaluate Q*. Direct insertion into (E.70), and using
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0% =0} and Dy = (1,t),

0
= Tlog(o?) +log(|A])
+ 0203 [tr (T ™Y) — tr (D'T VT T T YT I DQ 1))
+ o [[1To(Se — of IT)TT Y]

— o2t [D'T VT 1Ty (S — B Ip)TET VT IDQ 1] + 2

Tlog(c?) + log[o *(Sa11S120 — S315) + 0 2Sx2] +log[hi(c)] + log(T)
+ 0 205(T —2) — o 203g(c) /M (c) + o 2tr (Se — ofIr) +2 + OP(T’UZ) + OP(N’UZ)

q(c) + Tlog(vp) + log[oy *(Sa11Sa22 — Si1p) + 05 *Saz2] +1og(T) + T
+ 0%t (Se — 0GIr) + 0, (T7V2) + 0, (N71/2), (E.99)

where

1(6) = togfin(e)] - £

The order of the remainder is again uniform in c. Note also how g(c) is everywhere differ-

entiable, because h1(c) > 0 for all c. It follows that
ddCQ* — ddcq(c) _|_Op(T71/2) _'_Op(Nfl/Z). (E.100)

Consider dg(c)/dc. Clearly,

d
%hl(c) = —[ahiy +2(co — ¢)a’h3), (E.101)
d
%hz(c) = — [(Xhzz + 2(C0 — C)lxzhzg], (E.lOZ)
d 2 2.3 3 4
%g(c) = —[ag1+2(co—c)a"ga+3(co — ¢)“a’gs +4(co — ¢)°a”gal. (E.103)
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These results yield, after considerable simplification,

d

%CI(C)

where

q1

q2

q3

q4

qs

de

- & (w1~ £9)

d d d
= A = s () (0 - 50 (@)

1
= _ (o) (h1(c)[eh1n +2(co — C)Oézhlg]
— hy(c)[agr +2(co — c)zngz +3(co — c)2uc3g3 +4(co — c)3a4g4]

+ g(c)[ahiz + 2(co — c)a’hy3])
1
— —W[zqu + (co — ¢)a®ga + (co — ¢)?a3g3 + (co — c)3atqy
+ (co —c)*a®gs5 + (co — ¢)’aqq). (E.104)

hi1hiz — h11ga,

2h11hiz + b3, — 2h1182 — g1 + 2ha1hay,

3hizhia — 3h1183 — 2h1282 — h13g1 + 2hoahia + 4ha1has
hoh11h1a + hioha,

203, — 4h1184 — 3h12g3 — 2h1382 + 2hoshia + 4hashyz — hohiy,
2hoh11hz + 2hi3hz + 2hsph,

—4h12g4 — 31383 + 4hoshiz — hohizhiy — 2hohizhas

4h3phyz + hazhia,

—4h1384 — 2hohs + 2hashis.

The proof is completed by noting that

q1

hi1(hi2 — g1) = hi1(hip — 2ho1)
ha [(1 — 2c00/3) — 2(1/2 — con/3)] = 0. (E.105)

Lemma E.2. Suppose that Assumptions 1-5 hold, and Dy = (1,t)" with g € A\ {0} and ¢y €
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C\ {0}. Then,as N, T — oo,

©  E(asead, ) — o)
@ N
© g = o)

O Nl e

where s5 = s*(po) = T~ tr [(L(po)" + L(00)) Mr(py)-1pL(P0) Mr(p)-1p)-

Proof: In this proof we set 6, = 98, and use I'y and Ly to denote the true values of I" and L,
respectively.
Consider (a). We begin by considering the most general case when D; = (1, t)’. Consider

a(* /9p. From G = rglsyrgl’ =S,

2 *
0 ot VNT1
= NT  (R1 +Ry), E.106
o (Ry + Ro) (E.106)
where
Ry = tr(Mp1pSuMripLo — gLoMrip),

R, = tr[03(D’Fal’SqulD)_lDTo_l/(Lo+L6)Mr61DSuF51D].

Consider R;. Using MralDl"O_ ID = 07y and the definition of S, we get

1y _
Y (Tg'DA; + 1) (Ty ' DA; + &) My 1,

MpapSuMp, = M 3
1=

I,'DN

1 N
M;p1pTy 'DS\D'Ty M1 + N Xi Mpply ' DAiEiMy 1y,
1=

1Y _ 1Y
+ 3 21 Mr1peiM DT My + N Z; My pei€iMrip
1= 1=
1Y ,
= 7 L MripeieiMpp, (E.107)

N
Il
—_
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so that

Ry = tr (M *1DS“MF61DLO - UgLOMFalD)

1= 3

Il
—

tr (Mro—lel‘?,;'Mro—lDLO — UngalDLO)

[€:Mr1pLoMp1pe; — ogtr (Mp1pLoMpap)]

I
zl= zl= Z|=
'lMZ

Mz

(¢iAe; — adtr A), (E.108)

Il
—_

where A = Mral DLOMFO—I p- This term is clearly mean zero. For the variance, note how
et Ag; = Zthl Zs,T:1 € 1€ sAts, where apy = [Alum is the element of A that sits in row n and
column m. Recall that xp = E(s‘}/t)/(fg. Since E(elAe;) = tr[E(eiel)A] = oitr A, trA =
Zthl ay and

T
Y Y E(eis€is€iiein) st

1=
1=

E(ejAeieiAe;) =

t=1s=1k=1n=1
T T t—1
= EE(E%t)a%t"FZ EE(gZ )E zn atfﬂﬂn+2 Z E lt ln atfa?m
t=1 t=1n=1 t=1n=t+1
T t-1 2
+ Z E( atn+2 Z E zt atn
t=1n=1 t=1n=t+1
T t—-1
+ 2 E(‘C’Z ) 15 atsast + 2 E E lt atsast
t=1s=1 t=1s=t+1
T T T T T T
= ‘73(’(0 —3) ﬂ%t + ‘73 Z Astlnn + (761 Z Z afn + (761 Z Z Apnnt,
t=1 t=1n=1 t=1n=1 t=1n=1

we obtain

E(tr [MraleigéMfngLO — UngalDMralDLo]z)
= E[(¢}Ae; — aitr A)?]
= E(elAgielAe;) — 205E (e Ag;)tr A + o5 (tr A)?
= E(S/AAS‘SIAAS') — o (tr A)2

T T
= Ko — Zatt + 0y Z Z AttAnn +UO Z Z El%n +U§ Z Z AtnAnt — 4 Z Z AttApn

t=1n= t=1n=1 t=1n=1 t=1n=1
= 05(ko—3 Zatt—i—UgZZam—l-UéZZamant
t=1n= t=1n=1
= UO(K0—3)tr(AoA)+UOtr(A A) +o5tr (AA), (E.109)
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where o signifies element wise (Hadamard) multiplication. Here,
Tt (A'A) = T *tr(MpoipLoMypipLoMyap)
= T %tr[(Ir — Prop)Lo(It = Proap) Lo(Ir — Proap )]
= T 2tr(LjLo — LoLoPr-1p — LoProipLo + LoPr-1pLoPrp
- Pr(;lDL(I)LO + Pro—lDLIOLoprng + Pr(;lDL(I)Pr(;lpLO - Pr(;lDL(I)PrngLopr(;lD)
= T ?tr (LoLo — LoLoPr,1p — LoLoPr1p + LoPr1pLoPr 1p),
T~%tr(AA) = T ?tr(LoLo —2LoLoPr,1p + LoPr 1pLoPr 1p)-

Moreover, tr (A o A) is dominated by tr (A’A) and tr (AA). In fact, a direct calculation re-
veals that tr (A’A) = O(T), which in turn implies

T 2E(tr [Mr(;lDeig;MrngLO - Uonro—lDMrngLO]z)
= oyT ?[tr (A'A) +tr (AA)] +O(T™ 1)
= ogT 2tr [(Lh+ Lo) M 1pLoMy1p] + o(T™)
= oyT *tr (LoLy) — ogtr [T2D'Ty Y (LyLo + LoLo)Ty 'DNr(NTQN7) 1]
— ogtr [T"2NrD'Ty Y (LoLy + LoLo)Ty 'DNr(NrQN7) ]
+ ogtr [T 'NyD'Ty V(L + Lo)Ty 'DN7(NrQN7) !
x T 'NrD'TyVLoTy'DN7(NTQNr) 1 +O(T™1). (E.110)

We know from Lemma E.1 and Proof of Lemma E.2 that
T 2tr (LoL)) = ho+O(T™Y),

(NfQN7)™! = @ ' +0(TV/?),

0 0 ]+O(T1/z),

-1 =1 -1 _
T 'NrD'TyVLoIy'DNr = [0 o ()

and by the asymptotic symmetry of T-!NyD'Ty Lo, ' DN, we also have

-1 = -1 _ 0 0 -1/2
T'NrD'Ty V(Lo + Ly)Ty ' DNp = [ 0 (e | FOT): (E.111)
Also, using again the results of Lemma E.1,
2N =Y (T T 1 _ |0 0 ~1/2
T~2NyD'Ty " (LoLy + LoLo)Ty 'DNp = [ 0 hs(e) + ha(c) +O(TY?), (E112)

- re—1r /71 1 10 0 ~1/2
T-2NyD'T; V(L)Lo + LoLo)T; DNy = [0 (@) 4 ha(e) | FOTT). (E113)
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Insertion and simplification yield

T 2tr [(Ly + Lo) My 1pLoMp 1]

0 0 0 0
= ”0‘”[0 <h4<c>+h5<c>>/h1<c>]‘”[o (3(c) + ha(c)) /I (c)
0 0 _
+ ftr [ 0 2h2(c)2/h1(c)2 ] +O(T 1/2>
= w?(c)+0(T"1/?), (E.114)

where
wz(c) = ho — [h3(C) + 2h4(C) + h5(C)]/h1 (C) + 2h2(C)2/]’11 (C)Z,

which is the limiting representation of s?(p). Note that this representation only applies in

the D; = (1,t)’ case. The term we seek is w§ = w?(cy), which is given by
w% = hy — (h31 + 2hgg + hs1) /h11 + Zhgl/h%l. (E.115)

Further use of the definitions of hy, h11, ha1, ha1, hap and hsp, and exp(x) = Z]?”:O x/ /! yields

wj
1 2.2 3.3 4 4 5.5 6 .6
= 12333 — Bace + 2377 72 — 9aco — 30acy — 3a’cy + 6o cy + 3a’cy — 2a°cy
+ (=72 +153acy — 1320%c] + 57a3cy — 12a*c] + a°c3) o (2)]
2.2
- % 30 — 5dacy + 36a%c2 — 10033 + atct
[6(3 — 3acy + a2c3)?]

+  48(—72+ 153ac — 132a%ch + 57a°cy — 12a*cy + a°cg) Y ((], fg))'>
j=0 '

2.2
x=cy

= 3003 — 3aco + 222)7] (6 + 360co — 84a’c] + 64a>cd — 19a*ch + 2a°c]
— 3ac 2

> (2ot
4+ 240(—72 + 153aco — 132a%c] + 57a°c3 — 12a*c] + a°c3) ];) Grer

). (E.116)
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It follows that

E[(VNT'R?)
1 A 2 2

= NT2 Zl Z E(tI‘ [MralDS,'E;MralDLQ — O—OMF(;]DMFO’lDLO] )

)

z <

Il
—_

I
3~
=

=

Il
—_
—.
Il
iy

E[(¢}Ag; — o2tr A) (ejAej — ogtr A)]

[ay

i—

I
3~
‘IMZ

E[(¢iAg; — o2tr A)?] +

mZ

I
=

2
N— E(eAe; — oftr A)E(e;Aej — ottrA)
j

_ ! E[(¢;Ae; — otr A)?] = ohw? + O(T~V?). (E.117)
NTZ 1 0 0o
i=1

We want to show that v/ NT~1R; converges to a normal variate. This is accomplished by
applying Lindeberg central limit theorem for the joint N, T expansion given in Theorem 2
in Phillips and Moon (1999). In the notation of Phillips and Moon (1999), we have ¢; yv =
T~ !(e!Ae; — g5trA). The Lindeberg condition for this variable is given by

N ZE iNT) CINT > Ne) = o(1) (E.118)

as N, T — oo. Observe that ¢; n 7 is a function of N, as well. This is so, because it depends
on po and thus on « = a(N, T) = O(1). Therefore, the convergence explored below holds
for large N and T. Since ¢; v, is iid across i, the condition simplifies to E(5 \ 7)1(&3 y 1 >
Ne) = o(1), which holds if C NT uniformly integrable over T. Because gLN/T > 0, uniform
integrability is equivalent to requiring (i) & N7 —4 ¢1 and (ii) E(&? inT) = E(¢%) (see Moon
and Phillips, 2000, page 791). We start by verifying (i). Letd = (dy, .., dr) = Fo_lD =
(It — po]) (17, t7) = (17 — poE1, tr — poJtr), where d; = (1,1)' fort = 1and d; = [1 — po, t —
po(t —1)] for t > 2. Let us also introduce € = Mpipgi, the t-th element of which is given by
ef, =g — 8'd;, where § = Q- 1D’ FO 'e;. Note how

L

1 1 1 (1r — poEr)'e;
N6 = (NrQN7) " INrD'Ty Ve; = (NrQNr) T-12(tr _p()]t‘Tl)’sZ
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where

(17 — poE1)'e; = (1r —E1)'e; — (0o — 1)Eje;
= (17— E1)'e; — coa T 'Efe; + O, (T3/?)
= (Ir—E1)'ei + Op(T™?) = &1+ 0p(T7/?),
T V2(tr —poJtr)'e; = T '2(tr —Jtr)'ei = T~?(po — 1) (Jtr)'e;
= TV2[(Ir = ])tr]'ei — coaT>/2(Jtr) e+ Op(T7)

_ Tfl/leTei . cosz’?’/ZtlTI/Si + Op(T*l)
T T
=1 t=1

We also have
t
T-1/2 Z €in —w (Towl'(r)
n=1

as T — oo, where —, signifies weak convergence and W;(r) is a standard Brownian motion.

It follows that
1y = | €1 .
N = LT ey - e T (- e /(o) ] FO(T)
i €i1
—uw i
| 00(Wi(1) —con f,_ rdWi(r)) /I (c) ]
_ [ €i1
| oo Vo,(c)

with an obvious definition of Vg ;(c). Moreover,

t t
T'2Np Y ph"dy = T V2Nrpildi+ T V2Nr Y pf "d,

n=1 n=2

t

= T'2Nr Y pb"dy +O(T7/2)

n=2
[ (oo — V)T V2t -
= [ AR ity oy
[ —coaT3/2 % p5"
| T Y2 pp "[n— 1+ coaT™ 1 +O(T7?)](n - 1)]
[ —coaT 327 505"
T Y apy " —coaT 2y, 5 p

_ [ —-1/2
= | ) +0(T?), (E.119)

] +0(T71?)

]+O<T-”Z>
0 n

53



where

r

do(r) = /:—0 $o(r — u)du — cozx/ . ugpo(r — u)du.

u=

Finally,
T'wA = T ltr (MrngLOMralD) =T 'tr (LOMrng)
= T 'trLo— T 'tr (L[, 'DQ 'D'T, ")
= —tr [T 'NyD'TyVLoTy ' DN (NrQNr) Y]

0 0 +O(T™12) = —iy(c) /I (c) + O(T~1/2)

= T 0 (o) /(o)

Hence, we obtain

Enr =T elAe; — 3T HrA = T el Ae; + ha(c) /hi(c) + O(T1/2). (E.120)
Observe that using the structure of Ly, we get

T lelAe; = T (Mrleei)l Lo (M ElDSi) = T e Loe

_T 1zzpt " 1>zknzt

t=2n=
T R -1
=T 1229@ Yeiueip — Y (Np'8) [ NrT™V2 Y b d, | T71 2%,
t=2n= t=2 =1

o Z <T1/2 Z pgi’llei,n> <N;1$)/NTT71/2dt
t=2 n=1
T . -1 .
+ Y (NGO [ NeT V2 Y ph "ty | (N7 10)' N T~ 124,
t=2 n=1
=1i—1ii —iii +1iv.
with obvious definitions of i — iv. Clearly,

1
i 0f [ Tindwir), (E121)

where

= [ ot~ wawi(u)

is a standard Ornstein-Uhlenbeck process. To proceed, given the results above,

1
i~ @3 [ Voi(e)(r)dwi(r),
0
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where, again, V;(c) = {Wi(l) — con fol udWi(u)} /hi(c). Such integral exists due to the
same arguments as in (14.3.30) in Davidson (2000), where the integrand includes de-meaned

Brownian motion. For iii, we need some more work. Note that similarly to (E.119) we obtain

t t t
NrT Y2y dy = NpT Y241+ Ny T2 Y dy = NeTH2 Y dy + O(T71/2)
n=1 n=2 n=2

[ (-T2 —1) o
B [Tl Y o[ — po(n — 1)]] +O(T75), (E.122)

where
(oo — )T Y2(t —1) = T3 2cout + O(T/%) = O(TV/?)

because sup; ;7 SUP(;_1)7-1<,<p7-1 |()T~1)k — vF| = O(T~1) for all k < oo. Also

1Y [ = poln—1)] = T Y[ — 1+ coaT 1+ O(T2))(n ~ 1)
n=2 n=2

t
=T 1(t—1) —coaT? Y n+ O(T~1/2)
n=2

=r— cooc/ udu + O(T~V2) = go(r) + O(TV/2).
0

Combining the results, we obtain

T t—1
i =) (T‘l/z Y pg—"—lei,n> (N7 '6)'NrT 124,
n=1

@ [ H)Foi(e)dgolr
= (702 /01 Ji(r)Voi(c)dr — agcozx /01 Ji(r)Voi(c)rdr (E.123)
using dgo(r) = (1 — coar)dr in Steltjes integral form. This implies that
iv = i(N{lﬁ)/ (NTT”2 tf pg“dn> (N7 '8)/NrT~V/2d,
=2 n=1
0 | ' Toi(c)28()dgo ()

1 1
= ag/o Voli(c)25(r)dr—agcouc/o Vo,(c)?5(r)rdr. (E.124)

+07 /01 [Voi(c)?6(r) = Ji(r)Vo(c)] dr + ha(c) /hu (c) (E-125)
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This establishes condition (i). As for (ii), we have already shown that E(C%N,T) = af)lw% +
O(T~'/2), and it is not difficult to verify that E(¢?) = ogw?. This establishes the uniform
integrability of (',‘I-ZIN’T, and therefore the Lindeberg condition is satisfied. We can therefore

show that
VNT 'Ry =4 N(0, 0fw}) (E.126)
as N, T — oo. Next, consider R,. Recall that,
Sy = 0(Ty'D)* (052G —Ir)(Ty ' D)™
= (DT,"T,'D) 'D'T;VGr,'D(D'T, VT, 'D) ! — g (D'T, VT, 'D) !
= Q'DT,VGI,'DQ ' -gQ!
= Q'DT Vs, I;'DQ ' - Q7. (E.127)
By using this and (A + CBC')"! = A~' — A"IC(B~1+ C'A~1C)"IC'A7Y,
(@5,'+Q7 = Q'-Q (e +Q ) Q!
= Q!'-g (DT Vs, I,'D). (E.128)
By using this and MralDFO_ Ip = Orx2, Ry can be written as
Ry = trlog(D'TyVS, [, D) 'D'T Y (Lo + Lo) M1 5Suly D]
= tr([Q7 = (Q7" ~§(D'Ty"Suly ' D) )ID'T (Lo + Lo) My 15541 ' D)
= tr[HD'Ty V(Lo + L())Mro,leurng]
= tr[HD'TyV (Lo + Lo)Mr1p(Su — ogIr)Ty ' D), (E.129)
where
H=Q'—(gS;'+Q) "
Also,

M1 (Su — o3 Ir)Tg ' D

1 N
= Mpaply ' DSiD'Ty Ty 'D + N Z{MralDFO_lD/\ie;-FO_lD
1=

=

Il
=

e 1 & _
My 1peiMiD'T T D + N Y Mpap (eie; — o IT)Ty ' D
i=1

oy

Il
—_

MpopeidiQ + Mpip(Se — o3 Ir)T ' D, (E.130)

Zl= Zz[=
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leading to the following expression for Rj:

18,
R, = tr <QHNZDTO”(LOJrLg)MrOlDei/\;)
i=1
+ tr[HD'T, V(Lo + Lo) My 11 (Se — ogIT)Ty ' D]

= Ry1 4+ Ry, (E131)
with obvious definitions of Rp; and Ry,. Consider Ry;. We begin by noting how

QHN;' = QIQ™" = (635," + Q) 'IN; ! = [ — (655,'Q " + L) 'IN; !
= 035, (gQ 15 + L) TQTINF = g (egQ 7 + 50) TH(NrQ) T, (E132)

where we have made use of the fact that (I, + AB)~! = I, — A(I, + BA) !B forany n x n
matrices A and B.
Now we need to show that 5, is consistent for S,. Note that expanding S, for p = py we

obtain

1 N
S, = rosurgzroN Y (Ty'DA; + &) (Ty 'DA; +€)'T
i=1

= ogTolG +DS\D' + Z DA#T) + rON Ze A/D' +To(Se — 02I7)Th. (E.133)
i=1

This implies
D'TVGr—D
= Dr'rts,r'r'p
= a&D’I‘*l’F”I‘ I Y1 'D+ DT VT DS, D'T"V'T!D
+ DTVr- 11 ZDA r-'r'D+ D17 'r'r, Nisi/\fD’Fl’FlD

+ DT 'T™ 1r0(sg — g Ir) T, 'r1D

1 N
= DT VT I I T~ 1D+ QS,Q + Qy Y AT 17D
i=1

+ DTVr™ 1r0 Zs AQ + DT VT 1Ty (S — 3 I7)T,T VT 1D. (E.134)

Nzl

Now, a generic minimizer with respect to S, with o2 = ag and inserting the true model, is
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given by

Q—lD/l—v—llcl—v—lDQ—l _ ZQ—l

Sat < Z/\ LI 'T7'DQ '+ Q'D'T™"T I, —Ze/\’
Nl 1 Nz_l

QDT VT ITy(S. — o3 Ir)TT VT 1DQ ™!

O.ngl(Dlrfl/rflror(l)rfl/rle o Q)Qfl

Sy + NZA I 'T~'DNr(NrQNr) !Ny
i=1

1 N
NT(NTQNT)—1NTDT—1’F—1FON 2 el
Np(NTQN7) INyD'T VT Ty (Se — o3 Ir)ToT YT ' DN7(NrQN7) "' Ny
0Nt (NTQN7) INp(D'T VT T~ YT D — Q)N7(NrQN7) ! Nr. (E.135)

Consider the second term on the right. By using the fact that T~'Tg = [Ty + (00 — p)J]To =

It + (po — p) Lo, we have

IN

IN

_|_

1 N
H N Y AelToT T 'DNr

1Y _
N Y Ai€ilIr + (po — p)Lo) T 'DNr

1 N
N Y AT "'DNr

i=1
N*l/z

1 N
N~2T|po — p| H Y AielLyT DN ||.
VNT

i=1

1 Y B
+ Ipo — p| HN ZAiengr 1DNT
i=1

N
— Z Aisél“’lDNT
i=1

(E.136)

Consider N~/2Y N A;e/T'DNr. By using E(g;e}) = 021, the cross-section independence
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of ¢;, the fact that €T~ 'DD'T~V¢; is just a scalar, and || NyQNr| = O(1), we get

N 2
( Y Al 'DNy )
i=1
1 N N
= JXL E[tr(NrD'T~VeiAlA;eT " DNy )]
i=1j=1
1 N N
= N L 2 E(T I DNsNrD'T™Ve;)tr(AA7)
i=1j=1
1 N N
= N Y. ) tr[E(eie)T ' DNr Ny D'T~Vtr(A;A])
i=1j=1
1 N
= N Y tr[E(es€}) T~ DNy Ny D'T~V]tr(A:A))
=1
= te(NtD'T "I 'DNy)tr(5))

= O'Otr(NTQNT)tI'(SA) = O(l),

and, by repeated use of the same argument,

1 N
E||l— Y Ae LI DN
which is O(1) for tr(T"2NyD'T~VLoL,T "' DNr) is (see Lemma E.1). It follows that since
IN"V2y N, Al IDNr| and |[N~V2T-1 N, Al LiT~!DNr|| are both O,(1), and T(py —
p) = (co—c)a+O(T~1), we have

2
) = o3tr(T >NyD'T VLoL{T ' DNr)tr(S,),

Z}\ I 'T'DNy
< N2 Z/\sr IDNr|| + N72T) 09 p\H Z/\ I DNy
= VNT |
= O,(N1/2). (E.137)

We also know that ||[(NTQN7) || = O(1) and ||N7| = 1+ T~/2,and so

1 N e B
HNZAie;rgr Yr='DN7(NrQNr) N7
=

N71/2 1/r 1DNT

IN

| (NrQN7) ' |N7 |

A
S L
= O,(N1/2). (E.138)
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The order of the third term on the right of (E.135) is the same, because it is just the transpose
of the second term.

Let us now consider the fourth term on the right-hand side of (E.135). Note how

E(JA(S — RIA'IP) = E(e[A(S, — RIr) A'A(S, — 1) A')
= E(t[AS.A'AS.A' —202AS. A'AA + gt AA AAT)
= t[AE(S.A'AS) A" — 202 AE(S) A'AA’ + g AA AA]
= t[E(AS.A'ASA) — ot AA AA]
for any deterministic matrix A. Since Y'Y, = fi}l = N(N —1)/2and tr(Ae;e; A’ Ag;e} A’) =
(¢lA’ Ag;)?, tr[E(AS. A’ AS.A’)] can be written

tr[E(AS.A’AS.A")]
1

Z

-1

— NZZtr (Agiel A’ Agiel A”) ZZ [AE(eie}) A" AE (gje)) A']
i=2j=1
1
= Z E[(€;A'Ae;)*] + NH(N — 1)ogtr(AA’AA"),
i=1

from which it follows that

1 Y -
E(IA(S: = B I A'|P) = 155 Y- El(€A"Aei)’) + N7 (N — 1)gtr(AA'AA')
i=1
— gtr(AA’AA")
1 N
= 2 L El(EA Ae)?] = N7logtr(AATAA)). (E.139)

Now set A = NyD'TVI"IT,. We have shown that |[NyD'T-VI T TI"'T~1DNr|| =
O(1). Therefore, tr(AA’AA’) = ||AA’||> = O(1). A tedious yet straightforward calculation
reveals that N"' YN | E[(¢/A’ Ae;)?] = O(1) (see (E.109) for a similar calculation). It follows
that

E(|NtD'T VT To(S, — ofIr)TI VT IDN7||?) = O(N7Y),
and so
INTD'T VT T (Se — o3 Ir)TT VT ' DNy || = O,(N~1/2). (E.140)

It remains to consider the last term on the right of (E.135). According to Lemma E.1 and
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using -1y = [1"0_1 + (po — p)J]To = It + (po — p) Lo, we obtain
NrD'T VI T YT ' DNy — NrQNr

= NrD'T~"(Ir + (oo — p)(Lo + Lo) + (0o — p)*LoLy)T ' DNr — NrQNr

(o — )NTD'T V(Lo + L) DNt + (0o — p)*NyD'T VLoLiT "' DNy

= (co—c)aT 'NtD'T V(Lo + L))T 'DNr + (co — ¢)?a®>T2NtD'T VLoLiT ' DNy

+ O(T™)
0 0 -
- [ 0 2(co— c)aha(c) + (co — c)*a?h3(c) ] +0(T2). (E.141)

-1

Hence, since || (NTQN7)™! = Q || = O(T~V/?) with 0= diag(1,1/h1(c)],

(NrQN7) INp(D'T VTl VT 1D — Q)N¢(NTQN7)

0 0 -
- [0 Z(CO_C)“hZ(C)/hl(C)Z‘f‘(Co—C)ZDczhz,(C)/hl(C)z]+O(T 2), (E142)

from which it follows that
|NT(NrQN7) IN¢(D'T VT TpI VT 1D — Q)Nr(NTQN7) !Ny ||
O(T~1/2), (E.143)

Putting everything together, (E.135) reduces to

. 1Y e _
S, = SA+N2/\Z-€§T6F Yr='DN7(NrQN7) INr
i=1

+ NT(NTQNT)1NTDT1’I‘1TO;[§£,'A§
+ Np(NrQNp) 'NyD'T VI To(Se — a3 I7)THT VT ' DNy (NTQN7) "INy

4+ 0gN7(NrQN7) INp(D'T VT TyI VT 'D — Q)Nr(NTQN7) !Ny

= Sy +O0,(N"V2) +0,(T?), (E.144)

which holds uniformly in c.
Now, let us go back to QHN; . Consider (Q)~! and (QNr)~!. Let Qun = [Qlmn be the

element of Q that sits in row #n and column m. Since Q1, = Q»1, we have

a1 Qe —Qu|_ T 'Qn [1 O} _1/2
= Q2Qn — Q% [ Q1 Qn } T T (QuQu-0Q%) [0 0 +0O(T™/7),

where T~1'Qx = hi(c) + O(TV?), Quu = 1+ O(TV?) and T-V2Qq, = O(TV/?) (see

Proof of Lemma E.1). Hence, letting
—1 10
Q= [ 0 0 } ’
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we can show that
Q1=0; +0(T?). (E.145)

We similarly have

1 1 T12Qyn —T7V2Q ]
(QNr)™ = T-1/2(Q2 Q11 — Q%) [ —Qn2 Qn
= 1 [ T7'Qn —T'Qn ]
T1(QnQu — Q%) | ~TV*Qi T72Qn
1 T71Q22 0 :| ~1/2
= o(T
T-1(Q»Qun — Q3,) [ 0 0] ( )
= Q +O(T™V?). (E.146)
This implies
QHN;' = 0fH+ O0,(T V%) + O,(N"1/?), (E.147)
where

—-1 _1=-1
H=(05Q; +S1)7'0Q; .

A direct calculation reveals that

1+ 03Sxn/|SA| 0 }

20-1A~~1 _
(UosA Ql + 12) — |: —UgSAlz/’SA’ 1 (E.148)

. =1
where [Sy| = Sy22Sa11 — S2,, Hence, letting do = [025,'Q1~ + k| = 1+ 08S122/(Sa|, we

obtain

20-17-1 a1 1 0
(UOSA Ql +IZ) - dO |: 0,025/\12/’5/\| dO :| ’ (E14:9)

which in turn implies

— —1 =1 =1 a1
H = (6§Q; +S)) 'O :(‘TgSAlQl + 1) 15/\1Q1

1 Sy 0 ] 1 [ Sy»n 0 }
= = . E.150
do|Si| [ 0§SA1252022/1S0| — doSa12 0 do|Sa| | —Sa2 O ( )
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The next step in obtaining the variance of Rj; is to note that

2
1 Al A nimt Y / /
E tr <\/N’I' ~ HNTD FO (LO + LO)Mralei/\i

2
1 N,
= E (\/m /\;HNTDIF(;N(LO + Lé)MrolD€i> ]
i=1
1 ¥ I =1/ / / / 1 77
— W Z Z )LiHNTD 1“0_ (Lo + LO)MI“SlDE(giS]')MFalD(LO + LO)Fg DNtH /\]

Il
—_
—

1 =

= agﬁ iA;HNTD’rO“(LO +Lo) My 1 (Lo + Ly)Ty 'DNrH A;
= T *tr[NyD'Ty V(Lo + Lo) My 1p (Lo + Ly)T; ' DNrH S, H]

= 02tr [T 2NgD'Ty " (LoLo + LoLy + LyLo + LyLy)Ty ' DN H' S, H]
— ogtr [T 'NeD'Ty V(Lo + Ly)Ty 'DNr(NrQNr) !

x T~ 'NrD'TyV(Lo+ Ly)Ty 'DNrH S, HJ, (E.151)
where H S, H has the following simple structure:
o Sa2 |10
HS)\H = . E.152
=g Lo o) w1

By using this result, (NTQN7)™ ! = Qfl + O(T~V?) with Qfl = diag[1,1/h1(c)], and
Lemma E.1, we get
T !NtD'Ty V(Lo + Ly)Ty 'DNr(NTQN7) ' T !NrD'Ty (Lo + L{)Ty ' DNy

40?0 0
- hl(C) [0 1

} +O(T 12, (E.153)
and
T2 NrD'Ty"(LoLo + LoL{y + L{Lo + LoLy)Ty ' DNt
0 0 -1/2
_ T-1/2), E.154
[o ha(c) + 2ha(c) + s (c) } o) .

Due to the structure of these matrices, it is not difficult to see that

V/NT |
= 02tr [T 2NgD'Ty " (LoLo + LoLy + LyLo + LyLy)Ty 'DN7H S, H]

2
1 Y
E {tr < HNTD’rol’(L0+L())MrolDeiA;) }
=1

— ogtr [T 'NyD'Ty V(Lo + Ly)Ty 'DNr(NrQNr) !
x T~ 'NeD'TyV(Lo+ Ly)T; 'DNrH S, H]
= O(T ). (E.155)
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The same results imply

2
R _
E |:tr (\/m lzzl NTD,rO 1,(L0 + L(,))Mro—lel/\:>
_ 2 -2 =1 / / IR -1
= optr [T NrD FO (L()Lo + L()LO + LOL() + LOLO)FO DNTSA]
— optr [T 'NyD'T V(Lo + Ly)Ty ' DNr(NTQN7) ' T !NyD'Ty V(Lo + L) Ty ' DN7S,]

- U;?Su ([hs(c) +2s(c) + ()]s (€) — dha(c)?) +O(T ), (E.156)
1

which is O(1). By using this and tr (A’B)? < tr (A’A)tr (B'B) = ||A||?||B||? (see Abadir and
Magnus, 2005, Exercise 12.5) and the Cauchy-Schwarz inequality, we have the following;:

|

1o , )\
E |:tr <m;[(QHN; ) — cZH|ND'Ty (L0+L0)Mr01Dsi)\i> ]

< \/E I(QHNF") — o3H|4| ZNTD’F V(Lo + L)) M1 pei)!

£ |Aw
= O0,(T Y+ 0,(N1),

and so, via (a + b)? < 2(a® + 1?),
E[(VNT 'Ry )?]
1 ¥ :
= E|tr (m Y (QHN; ' )NrD'T V(Lo + Lg)MroleiM)

i=1

2
< 20’0E |:tr (fTZHNTDF 1’(L0+L0)M 1D€i/\;> ]

2
+ 2F !tr ( JNT Z QHN;! a&H]NTD’rol’(LO+L6)Mr01DeiA§>]

= Ou(TV*)+0,(N71) (E.157)
which implies that
VNT 'Ry = 0,(N"V2) + 0, (T~ V/4). (E.158)

Next up is Ryp, whose variance can be derived using the same steps as for Ry. Specifically,
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letting A = Ty ' DNrH Q™' D'T V(Lo + L{) My1 p, we have

NT2E[(tr [NrH Q 'D'T; V(Lo + Lo)Mr1p(Se — 03 Ir)Ty ' D])?]
= NT2E[(tr[[;'DNrH Q'D'Ty V(Lo + Lo)Mr1p(Se — 0317)])?]

2
1 N

= NT2E {(tr NZAeis’i—agA >
i=1

1 Y 1
= 21 E[(¢}Ae; — ogtrA)?] + N2 21§E e} Ae; — ojtrA) (i Agj — ogtrA)]
1= 1 71

oy T 2[tr (A'A) +tr (AA)] +O(T )

oy T2tr [Mp 1y (Lo + LTy 'DNrH Q 'D'Ty "Iy 'DQ " HNrD'T; V(Lo + Lo)Mr1p]
G4 T 2tr [Ty 'DNyH Q'D'Ty V(Lo + Lo)Mr1pTy ' DQ ™ HNTD'T V' (Lo + Lo) M 1]

+ o+

o(T™)

= ogT *tr [Mp 15 (Lo + Ly)Ty'DNrH Q "HNrD'T; Y (Lo + Ly)] + O(T 1)

ot T2t [(Lo + Ly)Ty 'DNrH Q "HN7D'Ty V(Lo + L})]

— 0T % [I;'DQ'D'Ty Y (Lo 4 Ly)Ty 'DNrH Q "HNrD'Ty V(Lo + Ly)] + O(T )

— oftr [HQ YHT >NyD'Ty Y (LoLo + LoLy + LyLo + LyL})Ty ' DN7]

— ot [((NrQ) 'T'NeD'Ty V(Lo + LY)T, 'DNrH Q 'H

x T 'NtD'TyY(Lo+ Ly)Ty 'DNr] + O(T ™), (E.159)

where the fourth equality holds because, again,

E[(¢iAg; — odtr A)?]
= E(e}Ae;el Ae;) — 203 E (el Ae;)tr A + o (tr A)?
= (s/-Ae-s/-As-) —o5(tr A)2

T T
= KO - Zatt + 0'61 Z Z AptAnn + 0y Z Z atn + 0'61 Z Z AtnAnt — Z Z Attnn

t=1n= t=1n= t=1n= t=1n=1
- KO_ Zatt+agz Zatn+ggz Zatnant
t=1n= t=1n=

= o5(xo— 3)tr (A o A) + ajtr (A A) + ogtr (AA)

with the dominated Hadamard product, and the sixth equality holds because Mral plo 'D=
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0T><2- AISO,

This result, together with those for T">NrD'T, Y(LoLo 4+ LoLy + LyLo + L{Ly)Ty DNy and

$3 10 -
= _\» [ ]+op(T 12, (E.160)

dglSal> L0 0

T-INrD'Ty V(Lo + L))Ty ' DNy, implies

NT2E[(tr [NtH'Q DTy ¥ (Lo + L) My 1 (Se — 03 1r)Ty ' DI)?)

Also, similarly to the previous steps, denoting A = Ty 'DNrQ~'D'T; " (Lo + Lé)Mrng' we

obtain

O(T~1/?), (E.161)

NT2E[(tr[Q'D'Ty V(Lo + Lo) My 1p(Se — ogI7)Ty ' DN7])?]

+ o+

+

NT2E[(tr[Ty ' DNrQ™'D'T V(Lo + L) M1 (Se — 05 17)])?]
NT2E[(tr[A(Se — o5 1r)])?]

2
NT%E {( ZAs €} )
1 N N
N2 Y E[(e}Ae; — ojtrA)?] + 72 Y El(ejAe; — ogtrA) (€} Aej — ojtrA)]
i=1 i=1j#i

o T 2[tr (A’A) +tr (AA)] +O(T™)

oy T2t [ My 1p (Lo + Lg)Tg ' DQ™'NrD'T "I ' DNrQ ™' D'Tg (Lo + Lo) My
oy T~ 2te[Ty 'DNrQ™'D'Tg (Lo + Ly) My 1pTg ' DNTQ™'D'Tg (Lo + L) My

o(T™)

agT*Ztr[Mro,lD(LO + Ly)Ty ' DQ'NrD'T VT ' DNrQ ' D'Ty ¥ (Lo + L))
o(T™h)

ootr[(QNT) 'NyD'Ty VT 'DNr (Nt Q) ' T 2Ny D'Ty V' (LoLo + LoL +

LyLo + LyLy)Ty ' DNr]

ootr[(NTQN7) T INyD'T V(Lo + Ly)Ty ' DNr(QNr) 'NrD'Ty VT, ' DNy
(NrQ) T 'NrD'T, V(Lo + Ly)Ty ' DN7] +O(T 1)

O(T~1?), (E.162)
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which, again, comes from the results for T-2NrD'Ty " (LoLo + LoL) + LyLo + LyL5)Ty ' DN
and T'NrD'Ty V(Lo + L))Ty ' DNy, NrQNr and (QN7)~!. We can now use the same steps
as when evaluating E[(v/NT~!Ry;)?] to show that

E[(VNT 'Ry)%

N+ IN + I

+

IN

NT2E[(tr [HD'Ty "' (Lo + L) M1 (Se — 05 Ir) Ty ' D] )]
T

(
NT2E[(t [Nr(QHN;)'Q D' (Lo + Ly) My 1 (S: — o31r) ;"D
NT2E[(tr[0dNrH Q' D'Ty V(Lo + Lo)M1p(Se — 03 Ir)Ty ' D]
tr [[(QHN;l) — BH)'Q ' D'T5 " (Lo + Lg)My1p(Sc — ang)l“O’lDNT])z}
ONT2E[(tr[odNrH' Q 'D'Ty V(Lo + Lo)Mp1p(Se — ogIT)Ty ' D))?]
ONT2E[(tr [[(QHNT—l) — H)' Q7' D'T5 " (Lo + L{) M. 1 (Se - ang)rngNT])Z]
ANT2E[(tr[odNrH' Q 'D'Ty V(Lo + Lo)My-1p(Se — o3 Ir)T ' D] )]
_12 2

ONT2E M (QHN;) — a&HH HQ—lD’ro—l’(Lo + L) Mp1p(Se — ang)ro—lDNTH ]

(

ONT2E[(tr[ogNrH' Q' D'Ty V(Lo + Lo)Mp1p(Se — ogIT)Ty ' D))?]
14
2\/15 [H (QHN;") - o3 H| ]

4
2\/E [HNT—ZQ—lD’Fol’(LO + Ly My p(Se — a3 17)Tg ' DN | ]

O(T1/?) (E.163)

Hence, by adding the results for Ri; and Ry, we have that V' NT~ 1R, is mean zero and with

variance

E[(VNT7'Ry)? = O(T"V?)+ O(N7Y), (E.164)
implying

VNT 'Ry = 0,(T7V4) + 0,(N~1/2). (E.165)

The results for Ry and R, imply

JNT 9p

1 o
col 0y 2VNT 1Ry + Rp) = 0y 2V NT 'Ry + O, (T7V*) + O, (N~1/?)

—4 N(0,wd) (E.166)

as N, T — co. This establishes part (c).

67



For (b), since G = S,, and Mr()—l DMrO—l D= Mro—l p- we have

tr (GMFalD) = f{r (S“Mrng) =t{r (MrngSqung) =t{r (MfalDSEMl"alD)
= f{r (SEMF[le)' (E.167)

Note how tr (Mrng) =trlr —tr ([, 'DQ'D'T; ") = T — m, implying

E[tr (SeMp1p)] = tr [E(Se) My 1p] = oatr (Mp1p) = o3 (T —m). (E.168)
Also,
;;ﬁ = —;’é + 2723 + 2;01& (Sl,MralD)
- 2376‘ tr (SeMy 1) — 03(T — m)] = Ziétr (S~ BIDMpl, (E169)
or
1ot VN v 0B Ir) My 1p)- (E.170)

VNT 02— 204/T
This has the same form as in the above analysis of Ry with A = Mro—l p- We can therefore use

the same steps to show that
NTE(tr[(Se — R 1r) My 1p]?) = 4T [(k0 — 3)tr (Ao A) + tr (A'A) + tr (AA)].

Because of the heavier normalization with respect to T, earlier tr (A o A) was negligible. This
is, however, not the case here. Indeed, from Q! = diag(1,0) + O(T~1/2), (1 —po) = O(T1)

and using the notation of Proof of Lemma E.1, we get

T 'tr (Ao A)
= T 'tr ([Ir — (11 — poE1) (11 — poE1)'] o [Ir = (17 — poE1) (11 — poE1)']) + O(T~/?)
= T HT-1)[1—(1—po)’?+O(T"?) =14+0(T"?). (E.171)

Hence, since T~ 'tr (MralD) =T YT -m)=1+0(T1),
NTE(tr (S, — ang)MralD]z) = =0T Y(ko—3)tr (Ao A) +tr (A'A) +tr (AA)]
= o5(ko—1)+0O(T™Y), (E.172)

The arguments used for establishing the asymptotic normality of (NT)~1/20¢* /9c? are the

same as those used in the analysis of R;. We can therefore show that

1 ar* (KO — 1)
N <0, = ) (E.173)
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as N, T — oo.
In (c), we show that 9¢*/dp and 9¢* /do? are asymptotically independent. We begin by

noting how

1 o0 o N ,
E (W&ﬂa,;) - WE(’H [(Se — O-OIT)MralD]Rl)
+ O(T V4 +O(N"4. (E.174)

Letting A = MFO_1 pand Ay = MralDLoMquD, the first term on the right becomes
NTYE(tr [(S, — Ung)MralD]Rl)

= NT E(tr[(S: — USIT)MralD]tr [LoMy. 15 (Se — ang)Mral o))

N N
E[(eAre; — oftr Ar)(€jAze; — ogtr Ay)]

I
—_

i=1j=1

Z‘H Z‘H
~ =

M=

Il
—_

E[(e;Are; — oftr A1) (i Ase; — aitr Ay)], (E.175)
where
E[(iAre; — oftr Ay)(eh Aze; — aitr Ay)]
= E(eiAje;ei Are;) — E(elAre;)optr Ay — o3tr A1E(eh Aze;) + aitr Aqtr A,
= E(eiAje;eh Ase;) — oitr Aqtr A,. (E.176)
Hence, in analogy with the analysis of R,
T LE[(e.Are; — aitr Ay) (€l Ase; — odtr Ay)]
= 3T (ko — 3)tr (A 0 Ax) +tr (A} Az) +tr (A1Ay)], (E.177)
where tr (A]Az) = tr (A1Az) = 2tr (Mro—lDLOMl—vo—lD) = O(T). Also, T~ 'tr (MFSIDLOMF()—ID)
dominates T~ 'tr (A1 o Aj,). It follows that

1 or* ol N »
E (WWBF)) = WE(’CI‘ [(Sg — UOIT)MFalD]Rl)

+ O(T" V%) +O(N"%)

= T *tr (MpapLoMp1p) +O(T /%) + O(N~/%)

= O(T V%) +O(N"4). (E.178)
Therefore, N~1/2T~19¢* /dp and (NT)~'/29¢* /9c? are asymptotically uncorrelated, and hence
independent by (asymptotic) normality. This implies

B YA (NT)~1/295 ko —1)/(40%) 0
(NT) 1/2NT8702 = [ Nfl/zTil%;TLPz —d N (02><1,|: ( 0 ()) ( 0) w% :|> (E179)
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as N, T — oo.

For (d), by using the fact that G = S, and Mro—lDSquo—lD = Mro—lDSng()—lD, r1 can be

written as
rh =
+
+

—ogtr [(Lo + Lo)Mr1pLoMp1p]

tr [Mp1p(G = 03 Ir) My (L + Lo) My 1y (L + Lo))]
tr [Mrng(G - UgIT)MrngL0< 0+ 2Lo)]

—agtr [(Ly + Lo)Mp1pLoMp.1p]

tr [Mp1p(Se — ang)Mrng(Lg, + Lo)Mp1p (Lo + Lo)]

tr [Mp 1 (Se — Ung)MralDLO(L{) +2Lo)].

Now let A = MrngLO(Lé + ZLO)Mrng — MralD(Lf) + LO)Ml—vo—lD(Lé + LO)MralD and apply

the same steps as when evaluating R; to show that

-2
T r

= —opT 2tr[(Ly + Lo)Mr1pLoMy1p] + T2tr [(Se — o3 I7) A]
=~ Tt [(Ly+ Lo)Mp 1 pLoMp1p] + Op(N~1/2)
= —wi+0,(T V%) +0,(N712). (E.180)

Next up is rp, which we write as

2

tr (o3 (D'TyVGIy 'D) 1 (D'Ty V(L) + Lo)GTy ' D + D'Ty YG(L{ + Lo)T, ' D)
(D'T,VGTy D) 'D'T Y (L) + Lo)MralDGl"O_lD

a3 (D'Ty VG 'D) Y (D'Ty V(LY + Lo) (Ly + Lo)MralDGFO_lD
D'Tal’(Lé + LO)Mr[;lD(L(,) + LO)MrngGralD

D'Ty V(Lo + Lo)My,1,G(Ly + Lo)Ty ' D — 2D'Tg YLy LoMy 1, G ' D)
0y 2tr [HD'Ty Y (Lo + Lo)GTy ' DHD'T; V' (Lg + Lo)Mr.1 ,GTy'D]

0y 2tr [HD'TyVG(Ly + Lo) Ty ' DHD'T; " (Lg + Lo) M1 »GIy'D]

tr [HD'Ty Y (Ly + Lo) (Lj + LO)MralDGFalD]

tr [HD'T, V(L) + Lo)Mrp (Lo + Lo)MralDGl"O_lD]

tr [HD'T, V(L) + Lo)Mr1pG(Ly + Lo)T, ' D]

2tr (HD'Ty V'LoLoMy1pGI ' D).
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Further use of MralDFo_lD =0Orx2and G = S, gives

[

+

20y 2tr [HD'Ty Y (Ly + Lo)SuTy 'DHD'Ty V(L) + Lo) My 11 (Su — ogIt)Ty ' D]

tr [HD'Ty Y (Ly + Lo) (L§ + Lo) My 15 (Su — ogIT)Ty ' D]

tr [HD'T, V(L) + Lo) My 11 (Lo + Lo) My 15 (Su — ogIT)Ty ' D]

tr [HD'T; V(L) + Lo) My 1p(Su — ogIt)(Ly + Lo)Ty ' D]

2tr [HD'T " LoLoMy 1 (Su — 03 Ir) Ty ' D). (E.181)

The last four terms on the right-hand side have the same form as R,. We can therefore use

the same steps as before to show that their variances are O(T~1/2) + O(N~1/2) when scaled

by v NT2. It follows that

T_zi’z

From

205 2T *tr [HD'Ty V(L) + Lo)SuTy 'DHD'T V(L + Lo) My 11y (Su — agIr)Ty ' D]
O,,(N_l/zT_l/4)+Op(N_3/4)

205 2tr [T !Ny 'HD'T, V(L + Lo)SuTy 'DHNZ?

T !N¢D'T Y (Ly + Lo)Mr1p(Su — ogIr)Ty 'DN7] + O, (N~V/2T71/4)
Op(N73/4)

2052t [T"H' Q7 'D'Ty V(L + Lo)SuTy 'DQ'H

T INrD'T, V(L + Lo)Mr 15 (Su — o¢Ir)Ty ' DNr] 4+ 0, (N7V/2)

Op(T7V2). (E.182)

1 N 1 N
S. =Ty'DS,D'Ty " + N Y Ty'DAel + N Y e AD'TyY + 8.,

we get

i=1 i=1

T"H Q'D'Ty V(L) + Lo)S.T; 'DQ'H

BT 'H Q'D'Ty V(L) + Lo)T; ' DS, H

_ 1 N _
RT'HQ 'D'Ty V(L) + Lo)r(;lpN Z LielTy'DQ'H

BT 'HQ'D'Ty Y (Ly+ Lo)— ZeAH

RT 'HQ 'D'TyV(Ly + Lo) srolDQ H. (E.183)
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Note how A;ﬁ//\; is a scalar. By using this and some of the previously obtained results, we

can show that

E

T'H'Q'D'Ty V(L) + Lo)— 28/\’

1
(NT)?

N N
Y. Y tr[HQ 'D'Tg (Lh + Lo)E(ese}) (Lo + Lo)Ty ' DQ~"HIAJHH A
i=1j=1

oaN "t [H (NrQ) ' T 2NrD'Ty ¥ (LyLy + LyLo + LoLy + LoLo)Ty 'DNr(QNr) ~'H]
tr (S,HH)

BN~ [H'Q, 'T2NrD'T; V(L)LY + LyLo + LoLy + LoLo)Ty *DNrQ; ' Htr (H'S,H)
O(N~IT1/2)

o(T'2).

Similarly, since €T, 'DQ'HH H QD' FO 8] is a scalar,

E

2

_ 1 N _

T-'H'Q'D'Ty V(L) + Lo)Ty'D; Y- Aweily ' DQ'H
i=1

1 _ _ _ 1=
= (NT)2 ZZtr HQ 'D'Ty 1,<L0+L0)F01D)\i/\}DTO Y(Ly+ Lo)Ty'DQ ' H]
i=1j=1

x E(eTy 1DQ YHH'Q'D'Ty V)

1 _ _ _ i
= (T2 letr HQ'D'TyV(Ly + Lo)Ty ' DAAD'TG V(L + Lo)Ty ' DQ™'H]
=1

x tr[['DQYHH Q'D'Ty VE(¢je})]

= 0N "'tr [T2H (NrQ) 'NrD'Ty " (Ly + Lo)T; ' DS,

x  D'TgV(Ly+ Lo)Ty ' DNr(QNr) "Hltr (H Q~'H)

— 2N [Hfél—lT*ZNTD’rO*“(Lé + Lo)Ty'DS\D'Ty V(Lo + Lo)FalDNTéflﬁ]
x tr(HQ H)+O(N'T /2

= O(N7Y,

where the last equality holds since while we know that tr (H Ql H) is equal to a constant,

the other trace converges to one. The proof of this last result is straightforward but tedious,

as we are evaluating the whole of T*ZNTD’FO’”(L(’) + Lo)l"o’lDSAD’l"al’(Lé + Lo)ralDNT.

72



The same argument can be used to show that

IT"H' Q 'D'Ty V(L) + Lo)Ty ' DS, H||?
— tr[T2H (NrQ) 'NrD'Ty V(Ly 4 Lo)T; ‘DS, HH'S),
x D'TyY(Ly+ Lo)Ty 'DNr(QNr) 'H]
= tr[T2H'Q, NyD'T;Y (L) + Lo)Ty DS HH'Sy
x  D'TyV(Ly+ Lo)Ty'DNrQ; HJ + 0, (T /%)
= 0p(1)

and

IT"H' Q 'D'Ty ¥ (Ly + Lo)SeTy ' DQ " H||?
— tr[H Np(NrQN7) T 'NeD'Ty V(L) + Lo)SeTy 'DNr(NrQN7) ~'NrH
x HNr(NTQNr) *NrD'TyVSe(Ly + Lo)Ty 'DN7(NrQNr) ' NrH]
= otr[H'NrQ 'TNyD'TyY (L) + Lo)T3'DNrQ ' NpH
x  HNrQ T INrD'TyV(L) + Lo)[3 'DNyQ 'NpH] + O, (N~V2) + 0,(T~1/?)
= 0,(1).

Hence, by collecting the terms,
IT"'H'Q'D'Ty " (Ly + Lo)SuTy 'DQ"H|| = 0,(1). (E.184)

The second matrix product in T~2r, is T NrH 1R, Nr. This matrix can be shown to be
O,(N~1/2), implying that T~2r, reduces to
T2, = 20;%r[T"H Q'D'TyV(Ly+ Lo)S.T; ' DQ'H
x T 'NeD'TyV(Ly+ Lo)Mr1p(Su — o¢Ir)Ty ' DNr] 4+ 0,(N~V2) + 0, (T 1/?)
= Op(NV2)+0,(T?). (E.185)
Putting everything together,

1 9%+
N2 (R Y o

as N, T — oo. This establishes part (d).
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We move on to consider (e). By using the results obtained for R,
-3/2
T tr (Ml"alDGMFO’lDLO)
= T73/2t1' (MralDS”MFalDLO) = T73/2t1’ (MrngSEMrngLO)
= U(%T_B/Ztl‘ (Ml"alDLO) + T3/ % [MralD(Sg - O'SIT)MralDLQ]

= 0,(T7V?). (E.187)

Finally, consider (f). By adding and subtracting appropriately, we obtain

1 9% T m _6
NW = % — ﬁ — 0’0 tr (GMr—lD)
T m T m 6
= ——+ =+ -0, tr(GMp-
2061+203+‘73 o 0o tr (GMr-1p)
T m 1
= (73 04 o (tr (GMyp-1p) — 03 (T —m))
T m 1 5
= 0’61 0'61 ;gtr [(Sg - 0'0 IT)MralD]. (E.188)
This implies that
1 9% 1 m 1 >
NT @022 ~ 208 T 2Tod ~ Tog " (5 T 0 M)
_o_ 1 12 VN
1
= —— +O(T"H) +O((NT) /), (E.189)
209
because
NTE(tr [(S, — ang)MralD]z) = =0T (ko —3)tr (Ao A) +tr (A’A) +tr (AA)]
= o5(ko—1)+0(T™Y), (E.190)
following steps up to (E.172). [

Proof of Theorem 2.

According to Lemma E.2,

* (00 .
(a) N 1 J (02) —4 N (02><1, lim |: (KO 1
N, T—o0

T/NT 065 0
2 px (00
1 0°0*(63) lim [1/(2061) 02}’
0 sH

NT 89 (392) T _>P N, T— o0

~
~
—
I~
oq,;;
~
(@)
[E—'
N——

(b) —Nr—=
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where s5 = s%(po) = T~2tr [(L(p0)" + L(00))Mr(p,)-1pL(00) Mr(o,)-1p]- Similarly to Norkuté
and Westerlund (2021), we begin by applying the mean value theorem to the score 9¢* (6,) /96,
around 6, = 69 (see, for example, Newey et al., 1994, page 2141). This gives

() _ @) | 206
021 = =50 = = "3, T any000,) 2 %2

(E.191)

where 0, lies element-wise between the line segment joining #, and 69. Suppose that the

Hessian is invertible. Under this assumption,

VNTN; (6, — 68) = < Nrt ;’;f(;ej))/ NT) Ny } ag;()f %)
- Lo v
_ < Ny NlT ;);f(a(gj)) NT) B NT\/;\TT M;é? +o,(1),
where, again, Nt = diag(1, TV 2). This expansion holds uniformly on @,. Here,
‘ NTI\}T;;f(;(gZZ))/ T— TI\}TE;)Z(*a(gg))/NTH =0,(1) (E.193)

follows from stochastic equi-continuity (see Newey et al., 1994, page 2137, for a definition).
This can be verified using consistency of 6, and analytical expression of the first and second
order derivatives of £*(6;) (see the proof of Theorem 3 in Hayakawa and Pesaran, 2015, for a
similar argument). The result (E.193) holds for the inverses due to the arguments in Andrews

(1987). Moreover, N+ aa;%(go)) N converges to a positive definite matrix by Lemma E.2.

Combining the results,

“1/A . 0'4K0—1 0
VNTN;' (6, — 69) —>dN<02><1’N,171"13>100|: o 0 ) 1/5%])

as N, T — oo. |
Proof of Corollary 1.

We need to prove that Lemma E.2 (with obvious changes to the normalization) holds under
the conditions of Corollary 1. The steps are the same as in Proof of Lemma E.2. The details

are omitted but can be obtained upon request from the corresponding author. u
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